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TOM TAT

Trong hai thap ky qua, cidc phuong trinh dao ham riéng bac khong nguyén da thu hut sy quan tdm cua
nhiéu nha nghién ctru nho kha ning tng dung rong rai trong cac linh vuc k¥ thuét va khoa hoc. Trong
nghién ctru ndy, chung t6i xem xét bai toan nguoc cho phuwong trinh khuéch tan bac khong nguyén theo
thoi gian (TFPE) khong thuan nhét trong hé toa d6 cuc. Bai toan nay dugc dit ra nham phuc hoi lai mat
dd ban dau ctia mot chat dua trén dir lidu cudi trén mot dia tron. Nhu da biét, bai toan nguoc cho
phuong trinh khuéch tan c6 chtra dao ham bac khong nguyén theo thoi gian 14 mot bai toan khong
chinh. Vi vay chiing t6i d& xuét sir dung phuwong phép tua gia tri bién (QBV) dé xay dung nghiém chinh
héa cho bai toan. Duya trén cac diéu kién tién nghiém, ching t6i thu dugc wdc luong sai s6 duéi dang
Holder giita nghiém chinh x4c va nghiém chinh héa. Cubi cung, mot vi du sé duoc dé xuat dé minh hoa
tinh kha thi va hiéu quéa cho phuong phap cua chung toi.

Tir khéa: Phuwong trinh khuéch tin nguoc bdc khong nguyén theo thoi gian, phwong phdp twa gid tri
bién, toa dé cuc, khai trién Bessel.

ABSTRACT

Over the past two decades, partial differential equations associated with fractional derivatives have
become an interest of many authors because of their multiform applications in practical engineering.
In this work, we consider a backward problem for an inhomogeneous time-fractional diffusion
equation in polar coordinates. Such a backward problem is applied when we do not know the initial
density of substance, so we can obtain it from observation of the density at the final time on a disk.
As we known, the backward time-fractional diffusion problem is severely ill-posed, so the quasi-
boundary value (QBV) method is proposed to establish the regularized solution of this problem.
Finally, under some a priori conditions on the exact solution, a Holder type of the convergence rate
for the regularized solution is proved. To illustrate the applicability and effectiveness of our method,
we present a numerical experiment.

Keywords: Backward time-fractional diffusion equation, quasi-boundary value method, polar
coordinates, Bessel's expansion.
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1. Giéi thigu
Xét Q 1a modt dia tron cd ban kinh a,
tirc 1a, Q=(0,a)x(0,27x), chung tbi nghién

1ou 1 &4
___l___
ror r?o6?
u(a,o,t)=0,
u(r,0,7)= 1(r,0),
|u(0,8,t) |< o,

2
Dfu =c? (% +

trong d6, T >0, g 13 ham ngudn di cho
thuoc vao L2 (Q), a €(0,1) 1a bac khong
nguyén cua dao ham theo thoi gian, D la
dao ham bac khong nguyén Caputo [8]
duoc dinh nghia boi

1 t 0
Du = t—s)™* —u(r,d,s)ds,
t m_a)fo( yru(r.0:s)

va f la phan bd nhiét do tai thoi diém

cudi. Muyc tiéu cia bai toan (1.1) 1a xac
dinh nhiét d6 ban dau trén dia tron
u(r,6,t), voi te[0,T) thong qua cac dir

ligu do (f°,9°) thuoc vao L*(Q)xL*(Q)
sao cho

[ 1], <,

q° —q”z <& (12)

trong d6, & 1a sai s gitra dit liéu chinh xac
va dit liéu do duoc, va chuan | I, s& dugc
dinh nghia sau. Luu ¥ rang néu a =1, thi
phuong trinh dau tién trong (1.1) trd thanh
mot phuong trinh parabolic ¢6 dién trong
hé toa do cuc, da duogc nghién cuu bdi
Cheng va céc cong sy trong cac bai bao
[2, 3].

Gan day, phuong trinh khuéch tan co
dao ham bac khong nguyén (FDE) da nhan
duoc sy quan tdm cua nhiéu nha nghién
ctru do céc ung dung da dang trong sinh
hoc, k¥ thuat, vat 1y, dan hoi nhdt, v.v...

J+
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cru bai toan xac dinh nhiét do u(r,o,t)
thdéa man bai toan ngugc cho phuong trinh
parabolic sau

q(r,8), (r,0)eQ,te(0,T),

0e(0,27),te(0,T), (L.1)
(r,0)eQ,
0<(0,27),t(0,T),

Mot diém manh cta phuong trinh FDE, d6
13, ¢ thé duoc ap dung dé mo ta cac hién
tuong khuéch tan bat thuong thay vi su
dung phuong trinh khuéch tan c6 dién chtra
dao ham bac nguyén. Do d6, phuong trinh
khuéch tan bac khong nguyén theo thoi
gian (TFDE) dugc xdy dung bang cach
thay thé dao ham bac nguyén bang dao
ham bac khong nguyén theo thoi gian va co
thé str dung dé mo ta cac hién tuong siéu
khuéch tan va khuéch tan cham.

Nhu d3 biét, bai toan thuan cho
phuong trinh khuéch tan bac khong nguyén
nham tim nghiém théa man phuong trinh
vi phan dau tién trong bai toan (1.1) cliing
véi cac didu kién ban dau va diéu kién
bién. Bai toan nay, con dugc goi la bai toan
gi4 tri ban dau hodc bai todn bién ban dau
cho phuong trinh khuéch tan bac khong
nguyén theo thoi gian, da dugc nghién cuu
rong rai trong nhitng nim gan day. Chang
han, cac nghién ctru gan day di xem xét
tinh duy nhét va su ton tai nghiém [7], xay
dung cong thirc nghiém giai tich dya trén
ham Mittag-Leffler [8], va danh gia do
chinh x4c cta nghiém bang phuong phap
phan t hitu han [4, 5], cing v6i nhiéu
phuong phép khac.

Tuy nhién, trén thuc té, mot phﬁn diéu
kién bién hodc diéu kién ban dau c6 thé
khong dugc biét trude, va ching ta can xac
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dinh ching thong qua mot sé diéu kién bd
sung (con goi 1a dir liéu dau ra thu dugce tir
quan sat thyc nghi¢m). Nhitng bai toan nhu
vay duoc goi la bai toan nguoc. Bai toan
nguoc khuéch tan déng vai tro then chdt
trong nhiéu Gmg dung k¥ thuat, véi myc tiéu
khoi phuc trang thai ban dau hodc trude do
ctia truong vat Iy tir dit liéu do & thoi diém
hién tai. Cho dén nay, d c6 nhiéu nghién

Du(x,t) =Lu(x,t)+G(x,t),
u(x,t)=0,
u(x,T)=9g(x),

trong d6, Q' <1 ® 1a mot mién bi chin voi
bién &Q' du tron. Hon nira, bang phuong
phap chinh hoéa Tikhonov, cac tac gia da
xay dung mot nghiém chinh héa cho bai
toan (1.3) va nghién ctru tinh 6n dinh cta

D{’u(r,t)—x(@+la—uj =0,
or: ror
u(r,t)=0,
u(r,0)=0,u(r,T)=g(r),
|u(0,t) [< oo,

trong d6, g 1a phan bo nhiét do tai thoi
diém cudi. Céc tac gia da xdy dung cong
thirc nghiém chinh hoéa, dua trén y tuong
cia phuong phap phd va phuong phap
chinh héa Tikhonov. Tuy nhién, trong [12],
uée luong sai sd giita nghiém chinh x4c va
nghiém chinh hoa chua duogc trinh bay.

Bai toan (1.1) cho thdy rang nghién
ctru nay co6 thé dugc xem nhu mot su tiép
nbi cia chudi cac coéng trinh di dé cép
trudc do vé bai toan ngugc c6 chua dao
ham bac khong nguyén. Trong céc Ung
dung thyc tién, md hinh vat 1y cta bai toan
nguoc cho phuong trinh khuéch tan bac

(X,

ctru v& bai toan ngugc cé chira dao ham bac
khong nguyén dugc thuc hién boi nhiéu tac
gid; chung to61 xin gidi thi¢u dén ban doc
mot s tai liéu tham khao quan trong trong
[1, 6, 10, 13]. Gan day, Nguyén Huy Tuin
va cac cong su [11] da nghién clru bai toan
nguoc cho phuwong trinh khuéch tan bac
khong nguyén theo thoi gian véi ngudn
khong thuan nhét sau day

t) e Q'x(0,T),

(x,t) e0QY'x(0,T), (1.3)

xeQ),

nghiém nay. Géan day, Xiong X. va Ma X.
[12] da xem xét bai toan nguogc thoi gian
(BPP) trong h¢ toa do cuc cho phuong
trinh khuéch tan bac khong nguyén c6 tinh
dbi xtng truc

O<r<r,0<t<T,

O<t<T,

(14)

O<r<r,
0<t<T,
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khong nguyén theo thoi gian (TFPE) khong
chi dugc xét trong hé toa do Descartes ma
con dugce xem xét trong hé toa d§ cuc, hé
toa d6 tru va hé toa d6 cau. Theo hicu biét
cua chung t61, bai bao nay tham chi la cong
trinh diu tién xem xét bai toan ngugc
khong thudn nhdt ddi voi phwong trinh
TFPE trong hé toa dd cuc. Pac biét, bai
toan dugc nghién clru trong truong hgp
khong d6i xtmg, tirc 1a dit lidu cho trudc
f va ham ngudon q khéng cd tinh ddi
xtng tdm hay ddi xtng truc. Ngay ca khi
ngudn nhiét g bi nhidu, phuong phap van
c6 thé ap dung hiéu qua. Do dé, nhiing
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phan tich néu trén 13 diém manh ndi bat  Chwong 5 nham minh hoa tinh hiéu qua cua

cua nghién ctiru nay so vdi bai bao [12]. phuong phap dé xuét. Tong két cac két qua
Nhin chung, nghiém cua bai toan (1.1)  chinh cta bai bao dugc néu trong Chuong 6.

khong phai lic nao ciing ton tai. Ngay ca 2. Kién thirc chuin bj

khi ton tai, nghiém ciing khong phu thudc Trong chuong nay, chung tdi trinh bay

lién tuc vao dit liéu tai thoi diém cubi;  mot sd dinh nghia va bd d& hitu ich, giit vai
nghia 13, chi mot sai sd rat nho trong dit  tro then chét trong viéc phan tich va chimg
lidu ciing co thé gay ra sai 1éch 16n d6i véi  minh cac két qua chinh & cac phan tiép theo.
nghiém twong tng (néu ton tai). Do do, Dinh nghia 2.1 ([9]) Cho p >0, khi
viée xdy dyng mot nghiém x4p xi 6n dinh d6, ta c6 ham Bessel loai 1 cap p nhu sau
cho péi toé}n —9g(_)i l,é nghiém chinh hoa — . 1) P

la can thiét. D¢ khac phyc tinh khong on Jp(x) = kzé A p+1)( J Vo1 Xell,
dinh nay, chung t6i d€ xuat phuong phap . s

fwa gid tri bién (QBV) nhim xdy dung trong d6, I' 1a ham Gamma, nghia la

nghiém chinh héa cho bai toan (1.1). Hon F(Z) =]?ett”dt, v6i zell .
nira, ching t6i con thu duogc tdc d6 hoi tu
kiéu Holder cua nghiém chinh hoa. Khi p=m, véi m 1a mét sb nguyén

Sau phan gidi thiéu, noi dung tiép theo
cta bai bao dugc trinh bay nhu sau: Mgt )
kién thic chuin bi lién quan dén viéc tim . okam
nghi¢m chinh xdc ciia bai todn (1.1) duge  J, ()= D _ D" (XJ R
trinh bay trong Chuong 2 vi Chuong 3. o Ki(k+m)! 2 ‘

Bing cach str dung phuong phap twa gia tri Bo dé 2.1 ([9]) Gid sit rang f(r,0)
bién (QBV), chung t6i xdy dung nghiém  duoc xéac dinh trén mién Q = (0,a)x (0, 27).
chinh hoa va dua ra udc luong sai so duéi  Khi d6, ham f(r,6) c6 thé dugc khai trién
gia thiét tién nghiém trong Chuong 4. Cudi
cung, mdt vi du ) duoc trinh bay trong

khong am. Khi do, ta c6 ham Bessel loai 1
cAp M nhu sau

dudi dang chudi Bessel nhu sau

o 0

f(r,0)=>> 3. (Amr)(am[flcosmo+b, [fIsinmg),

m=0 n=1

trong do, cac h¢ so khai trién dugc xac dinh boi

2 a 27
a_ [f]= TL jo f (r,0)cos(mé)J,, (A,r)rdedr, (2.1)
2 a p27 .
b [f]= @ (a Ho f(r,0)sin(m)J,, (A,,r)rdadr, (2.2)
amn

voi A, = a,, la nghiém duong thir N cta ham Bessel J, .
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Dinh nghia 2.2 ([9]) Cho mién Q =(0,a)x(0,27), ta dinh nghia khong gian L*(Q)
nhu sau
*(Q)={f:Q -0, flaham do Lebesgue }.

Néu mot ham f(r,0) co thé duoc khai trién thanh chudi Bessel duéi dang

o 0

f(r0)=>>3,(Anr)(am[flcosmg+b, [ flsinme),

m=0 n=1
thi khong gian L*(Q) nay 1a mot khdng gian Hilbert, véi chudn duoc xac dinh béi
I F02="">" (a2, [f1+b2[f])
m=0 n=1
Dinh nghia 2.3 ([8]) Ham Mittag-Leferr duogc dinh nghia boi
E,,(2)= zell,
’ Zc;r( k+p)
trong d6, & >0, fel] 14 cac hang s6 tiiy ¥, va I 1a ham gamma.
Bé dé 2.2 Gia surang 0<a, <a; <1. Khi d6 ton tai cac hang sé6 C,,C, >0 chi phu
thudc vao «, o, sao cho
CO

C,
—(1 ST-a) E,.(8)<———2——-, Vs<0

(1-s)rl-a)’

Bé dé 2.2 Gia s rang 0<a, <a, <1. Khi d6 ton tai cic hang s6 C,,C, >0 chi phu

thudc vao «a,, o, sao cho

o C,
—_— —, Vs<0.
(1-s)F(l-a) <Eals)= (1-s)rl-a)’ °
Bo6 dé2.3Cho A>0,a>0,taco
- d a o— o
. EE‘“(_M )=-AtE, , (-4t7), t>0.

i. DYE,, (—ﬂt“ ) =-1E,, (—lt“), t >0, trong d6, D* 1a dao ham Caputo cap o .

Bé dé 2.4 Néu D/ f (t) 1a dao ham Caputo cép « cta f(t) v6i n-l<a<n, nell,
va f(t) c6 dao ham lién tuc dén bac n trén [0;), thi ta c6

L[ D7 f(t)|(s)=s"L(f(®)( nﬁsa k1§ 0 Q).
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Bo dé 2.5V6i A>0,8>0 va a e(0,1), ton tai cac hang sé C,,C, >0 sao cho

Eavl(—it“) < C,
B (-AT7) (C,)T (CL-))

T
T

,vol O<t<T.

B
E

Churng minh:
T-t t

Ap dung Bé dé 2.2 va bat dang thirc Young cho hai s6 duong ST | (Ea,l (—/IT“ ))? :

v oA x T .
vO1 cac hé so e ?'taco

Twr do, suy ra

-

=T C, (1+ AT )?

Sﬂ? t T-t a
(o) (ra-a)) T E4)
t
T 1+A-T¢°
Sﬂ? t Cl T-t : Ta
() (F(t-a)) 7 4
ta
T 1+A—T¢
S,B? : S Tt ’ T“a
() (ra-a)) 7
g
(Co)T (F(1-a)) ™

Ta hoan thanh chimg minh B6 dé 2.5.
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3. Bai toan nguwoc cho phwong trinh khuéch tan bac khong nguyén theo thoi gian
trong hé toa dj cuc

Trude tién, bo dé sau day s& giup tim nghiém cta bai toan (1.1).

Bé dé 3.1 Néu nghiém cua bai toan (1.1) ton tai, thi né dugc cho boi

o0 00

u(r,0,t) =>_>" 3. (Al )Um (6,1), (3.2
trong d6

U, (6,) = A [, 0l(t)cosmé+B, [ f,q](t)sinmé, (3.2)
Vo1

B (-CAnt”) ap (Lage
Anl 1.0 =g )(amn[f] [ -s)E, (cﬂmncr—sf)am[q]dsj

+ j (t-9)""E,, (-c°A2,(t—3)" ) a,,[qlds, (3.3)

E, 22t
B[, q](t) = (( CW ))( b [ f1- ICF s)""E,, ( Czﬂrﬁnﬁ—S)“)bmn[q]dSJ

+ j (t-5)""E,, (-C*4% (t—3)*)b,,[qlds, (3.4)

& day, cac hé s6 a,, [f],a,.[q] va b, [f] b, [q] duoc tinh theo (2.1) va (2.2).
Chirng minh: Xét bai toan gia tri riéng
Vi (r,0)=—kp(r,0) ,0<r<a0<6<2z, (35)
wv(a,8)=0 ,0<0<2r, (3.6)
trong do6, k 1a mot hﬁng ) khong am va Vzl// la toan tir Laplace trong h¢ toa d cuc. Ham
w bi chan va tuan hoan chu ky 27 theo bién 4.

Theo [9], bang cach sir dung phuong phép tach bién, ta co cac ham riéng cta bai toan
gia tri riéng (3.5) - (3.6) nhu sau

W (1,0) = 3. (AT ) (A COSMO+ B, Sinmd),m=0,1,...,n=1,2,...

a A , ,
trong do, k =Kk, =4, = ;‘" , &y, 12 nghiém duong thr N cua J,.

Gia st nghiém chinh x4ac cta bai toan (1.1) c6 dang khai trién theo cac ham riéng cua
bai toan (3.5) - (3.6) nhu sau
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o0 0

u(r,0,t) =>">" 3. (Aml ) (A, () cosmo + B (t)sinmg),  (3.7)
m=0 n=1
trong d6, cac hé s6 a_ [f],a,,[q] va b, [f],b,[a] la cac ham theo t. Dya theo khai trién
Bessel (Bé dé 2.1), cac ham f va g co thé dugc biéu dién nhu sau
u(r,0,T)=f(r,0)=>">" 3, (Anr)(amlflcosmo+b, [ fIsinme),
m=0 n=1
va
q(r,0) =>_>"3. (Amr)(amlalcosmo+b, [glsinmg),  (3.8)
m=0 n=1
trong do, a..[f]a,.[q] va b, [f]Db,.[a] duoc xdc dinh boi (2.1) va (2.2).
Thay biéu thirc ciia U tir (3.7) vao phuong trinh nhiét (1.1), ta thu dugc

D A () = —¢* 20, A () +2,[al, A (T)=a,,[f], (3.9)
DB,y (t) = ~C* 23, By (1) + by [al, - By, (T) =by [ 1.

St dung phép bién doi Laplace cho phuong trinh (3.9) ta c6
S“L{ An (1)} (8) =5 Ay, (0) = =€* 25, L { Ay (1) () + L (amn [a])(5),
suy ra

st 1
vvo O

L{A. (1)} (s)= L (a,[a])(s).

Bién do6i Laplace nguoc, ta cé

A (t)=E,, (-C2217) A, (0 )+.:[(t 5" By (-0 (t=5)" Jan[a]ds, (3.20)

Ann (T) = Ea,l (_Czﬂ’nzmTa ) Ann (0) +

O ey, —

(T- s)“_1 E,. (—cz/lnzm (T-s) ) a,, [a]ds.
Suy ra

A (D)= [(T =9)"E, , (=C*22%,(T = 5)" )a,[a]ds

Ea 1 (_Czﬂ’nzmT ‘ )

A (0) =
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Do d6, nghiém A, (t) c6 dang

E,.(-C?A%t°)

A, (t)=— (amn [f ]—E(T -s)"E,., (—czz;n (T —s)”‘)amn [q]dsj

E,.(-C?2%T)

t
+[(t=5)" B, (0222 (t=5)" )2 [a]ds.
0
Tuong ty, ta tim dugc nghiém cho B, (t)

E,.(—c*A%t)

B, (1) = —= (bmn [f ]—Z[(T =8) " By (720 (T=5)" b, [q]dsj

E,.(-c*25T¢)

+ I (t-s)"E,, (—czﬂfm (t—s)” )bmn [q]ds.

Do d6, nghiém chinh xac cta bai toan B6 dé duoc ching minh.
(1.1) ¢6 dang nhu (3.1), v6i cac hé so Bé @6 3.2 Cho qe *(Q),t<(0,T). Khi
A (t)’ B (t) nhu trong (3.3) va (3.4). do, ton tai mot hang sb dwong M sao cho

2

ii f; (t—s)'E,, (~c*2%,(t—s)")ds| (a,[q]+bZ [a])<M Il ql%.

m=0 n

Phan ching minh ctia bd dé nay co6 thé  nghiém u(,-t) cua bai toan thoa mén
tham khao trong chiig minh ctia B6 dé 3.1

R . N u(,-0)el?(Q), tiac 1a tdn tai hing sb
trinh bay trong bai bao [11].

Tiép theo, bd dé cubi cung trong phan K>0 sao cho
nay sé& chi ra tinh 6n dinh c6 diéu kién cua Fuc,-0)ll,<K. (3'11)
bai toan (1.1). Khi d6, voi moi te(0,T) ta co bat
Bé dé 3.3 Giasu f,qel’(Q), va dang thirc sau

lu(,-t)ll,< \/E(Fgcl ) +JM Il g ||2}.
4

Chirng minh: Xétham Q_ (), véi t € (0,T), dugc dinh nghia nhu sau

Qun () = [ t=5)"'E,, (6222 (t-5)" ) ds.

Tir cong thire khai trién nghiém (3.1), ta c6

HuCo 2= 33 (AL LF, a1 + B IT,ql0)

m=0 n=1
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vai cachésé A ,B. duoc biéu dién dudi dang

n?' =mn

e E, ( 272 t“) f t
Al Q]()—E (T )( a,,[1-Q,, (T)a,,[a])+ Q. (t)a,,[al,

E, PA2 1
B.[f,al(t) = 3 (( CWT ))( B[ 1= Qpn (T )bmn[Q])+an(t)bmn[Q]-

Thay vao biéu thire cua l uc,-t) ;, ta duoc

w o 2/12 ta 2
luC,-t) 3= ZZ[ (( Z;LZT))(amn[f]an(T)amn[q])+an(t)amn[q]}

- Zﬂ,zta 2
Z[ (( T ))(mn[fl anmbmn[q])+an(t)bmn[q]}

< 22 i( E,. (_Czﬂnfnt“ ))z [(amn[ f1-Qun (l')amn[q])]

E,.(-c*22.T%)

+23° 3 Q, (a2, [+ b5, [a]).

m=0 n=1

+((bmn[f] anmbmn[q]J
Ea,l (_ Zﬂ’nzwnT )

Ap dung gia thiét llu(,-0)l,<Kva Do d6, B6 dé dugc chimg minh,
4. Phwong phap twa gia tri bién sir

cac dénh gid trong B6 dé 2.2 va Bé dé 3.2, . 2 "
dung quy tac chon tham so0 theo gia thiét

ta co en in
2 tién nghi¢ém
lu(,-t)I2<2 L K2+2M Il gli2, Trong chuong nay, ching toi trinh bé}f
l-«o phuong phap twa gia tri bién (QBV) dé
dan dén xay dung nghi€ém chinh hoa cho bai toan

(1.1), théng qua bai toan sau

lu(,-t) < ﬁ[rgcl )+Nn q||2j.
4

2,,¢& & 2,,¢&
Dfu&:c{@“ Jro 10w j+qf(r,9),(r,9)eQ,te(o,T),

o’ roor 06
u®(a,a,t) =0, 0e(0,27),te(0,T), (4.1)
u‘(r,0,T)+ B(e)u(r,0,0)= f°(r,0), (r,0) eQ,
< o, 0<(0,27),t(0,T),
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trong d6, f(¢) 1a mot tham sd chinh quy  hiéu S = S(¢).
hoa, dugc chon sao cho f(¢) >0 khi Ap dung phuong phép tach bién,
& — 0. Dé thun tién trong trinh bay, taky  nghiém u®(r,0,t)co dang

o w0

w(ro.)=>Y 3, (AU 0.0,  (42)

m=0 n=1

trong do
U5, (0.1) = A, | 19,07 () cosmo+Bg, | £9,° [(t)sinmo,  (4.3)

cac hé s A°_, B, dugc xac dinh theo cong thirc
Ao £9,0° (1) = Quu (D)3 | 0 [+ CuEy (-€22517),  (44)
Biy [ 5,07 (1) =Qu (O [ 0° [+ D E, ., (-C°2217).  (45)

Tur phuong trinh bién thir ba cta bai toan (4.1), ta xac dinh cac hé sé6 C_, D, trong
(4.4) va (4.5) nhu sau
B 1
- B+E,, (—?A2T"

mn

)(amn[ff]—an(T)amn [a])
3 1
B IB+ Ea,l (_Czﬂ‘nzmTa

Thay vao biéu thitc ctia A®_, B, , ta thu dugc

mn 2

mn

)(bmn[fgj—qmn(r)bm [a]).

E, (¢ A%t
B+E, (25T

A 07 ] = a)(amn [£]-QuMay[a* ])+Qum®am[a°]

P & NE _ E“vl (_CZ/’{Tfmta)
L0 G )

(bmn I: f g]_an(T)bmn [qgj) +an (t)bmn [qs]

Trong dinh 1y sau, chung t6i s€ duvara  (f q)va dit liéu do nhidu ( f 8,q8) thoa
mot ude lugng sai 56 cho Ju' (., )-u(,- ., méan diéu kién (1.2). Gia s thém ring
dong thoi chi ra toc do hoi tu cua nghiém u(r,0,t),u’(r,6,t), dugc xéc dinh béi
chinh hoéa g véi cach chon tham so theo (3.1) va (4.2), lan lugt 12 nghiém chinh xac

mot qu.y’tl:ac,tler;nghglenql t:llicl;.thp.h’ b x4 va nghi¢m chinh hoéa cua bai toan (1.1).
Dinh Iy 4.1 Gia st dix licu chinh xdc 4" 48y kien tién nghiem (3.11) duoc

56



PHAN THI MINH NGA, LUU HONG PHONG TAP CHi KHOA HOC TRUONG BAI HOC SAI GON

thoa man va g=+2M¢&"™, v6i me(0,1), thitaco bét déng thirc

G,

—K, (46)

t T-t
T

() -u(st)) < (1+2W)+g "
L= (C) (ra-a)

véimoi t e (0,T).
Chirng _minh: Goi Vv°(r,0,t), »*(r,0,t)1a cic nghiém chinh héa twong tng véi
(ff,q) va (f,q), 1an luot duge biéu dién dusi dang

Ve 0,) => >3 (Al Vi (0,1),  (4.7)

m=0 n=1

8

a)(retziz (Aml) @i (6,1),  (4.8)

m=0 n=1

trong do
Ve, (0,0) = Ai, [ 19,0 (®)cosme + B;, [ £°,q](t)sinme,

E,.(—C*25t")
B+E, (- AT

AL 4] = )( o[ £ ]~ Qun (M) [+ Qun ()2 [0,

s Tee ey Faa (62t
Bz, [ £2.9](t)= prE, (AT )( [ £ ]~ Qun ()b [6]) + Qur (0[],

o, (0,t)= A [f,q](t)cosmé+ B [f,q](t)sinmé,

mn

E ( C2 2 a)
Al T, Q](t)—ﬂ NE CZ%TQ)(amn[f]—an(f)amn[Q])+an(t)amn[Q],

f,q](t i <C2 Zt“) b,.[f b, t)b
[ q]()_ﬂ E ( ZZZT )( mn[ ] an(T) mn[q])+an() mn[q]

Ta nhan thay rang sai s0

“(+ ) =U(,-1)], c6 thé dugc phan tach thanh ba phan nhu sau

? (- t)—u(, "t)Hz <

)=V b))+

& .’.,t)_a)‘g (.’.1

3 %y '1t) _u(! '1t)H2 .
Twr do, viéc chiing minh dinh 1y nay s€ duoc chia thanh ba budc.
£ () =VE ey t)Hz )

Tir (4.2), (4.7) va B dé 2.2, tasuy ra
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(A [0 O F.0]0) +{Bo[ o0 )0 -B[ F4.a]®)

E . 2/12 te i
_{ a0 ) (May, [ 4-0° |+ Qy, (D2, [ngJ}

BHE, . (-CCALT

)
( zﬂ,mnt ) . o 8 2
s 1(-C24,T )an(F) 40+ Qoo (Ol [0 -0

<2£ E“(_C%"i"ta)a)Tan(r){ [a—a]+b2 o ~q]]

B+E, i (-C*A5T

+2Q7, (t){ mn I:q _q:|+br$‘” qu” _q:I}

C, 2 ‘
<2 [WJ QM@ [a-a* J+b7,[a-a ]
+2an (t){ mn [q q:|+b’$‘n I:qg _q:|}’

trong d6, cac hé sb a_ [qg —q] va b, [qg —q]duqc xay dung theo cong thuc (2.1) va
(2.2) tuong tng.
Ap dung Bé dé 3.2, ta c6

Ju v (o)

o] SEemplr-aw o )

m=0 n=1

+23 3 Q0 [of a]+b2[a" —a])

m=0 n=1

G )l g
P LR RE T

<2M (fj [ G j +2Mé?, (4.9)
L)\ I'l-a)

Viy ta da udc lugng duoc Hug () =Vvo(, -,t)”2 .

Budce 2: Ta udce lugng Hv" () - ( -,t)H2 .
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Tu (4.7) va (4.8), ta suy ra

(A, [ F4,a]® - ALf.al0) +(Ba[ 19.a]®-BLIf.M)

_ _ anl(_cz/lm“ta) 2 2 [ge 2 [ge
|ty -

mn

c, Y .
<\ 1= a)j{ [ ][ -1 ]
trong do, ain[fg—f},bin[fg—f]duqc xac dinh theo (2.1) va (2.2) tuong ung.

Do d, ta suy ra rang

() =@ (- t)H2
i) Sl 1]

C, ] (e fH2
LI(l-a) 2

< ET c, Y (4.10)
\p)\rd-a) ) '

Viy ta da udc lugng dugc Hv‘g () - (-, t)”2 .

IA

IA

Bude 3: Ta udce lugng Haf (-,-,t)—u(-,-,t)”2 .
Tir (3.1), (4.8) va Bé dé 2.5, ta duoc
{Ain[f Lq](t) - AL f ,Q](t)}z +{Bn‘in[f Lql(t) - an[f,OI](t)}2

_[ Ea(-C2mt)  E(-c40t7)

E,.(-C°45T) B+E, (-*45T%)

} (amn [ f ]_an (T)amn [q])2

+ [ Ea,l (_Czﬂ’rinta ) _ Ea,l (_Czﬂ’nzmta )

e e L [SORNE
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] ﬁ{ (0 Hamn[f]—qmn(r)amn[quz

B+E, (22T E,.(—C*45T%)

)
Eal - 2ﬂ'rfmta 2 bmn fl- mn bmn 2
+ﬂ2[ (e ))“ []-Qu( [q]}

B+E, (-C*A5T" E,.(—c?25T¢)

Sﬂg Cl X{[am”[f]an(T)amn[q]Jz_F{bmn[f]an(T)bmn[q]Jz}.
(C ) (r@a- a)) T Eea (_CZA;HTQ) E. (_Cz/lrfmTa)

Diéu nay dan dén

@ () —u(, "t)Hi

< ﬁ?[ . S Tt }
(Co)T (C@-a) ™

e (Al 1-QuManial| [ B [f]-Qu(Tlby, a1 |
s el

2

2t
| —— S 0

(Co)T (C-a) ™

2
2 C
< BT — = | K~ (4.12)
(Co )? Tl-a) T
Két hop céc danh gia (4.9), (4.10) va (4.11), ta co

g "vt)—u(""t)Hz

G

<2m £ K.

pri- a)N_ +E (1 a) ﬂ (C )t (C(1-a))

Tt
T

Néu chon B=+2Me"™,voi me(0;1), ta duge

& -,-,t)—u(-,-,t)‘z
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?

(1+2\/N)+g

F(l a)

Két thuc chimg minh Pinh 1y 4.1.

Nhéan xét 4.2 Udc lugng (4.6) cho
thiy rang phuong phap tua gia tri bién
(QBV) ¢6 thé hitu ich trong viéc xay dung
nghiém xap xi on dinh cho bai toan (1.1).
Tuy nhién, tir (4.6), ta thay rang khi t —0,
d6 chinh xac cua nghiém xép xi bi suy
giam. Tai thoi diém t=0, wdc lugng chi

cho thidy ring sai s& bi chin bai
1
2
ﬂ= CO gl—m
[gmjm_am
Aoa
trong do, Ay, =—, &, la nghiém duong nho

G K.

Tt
T

(C ) (FA-a))

C,
(Co)F (C-a)) ™

su hoi tu cua nghiém chinh hoa tai thoi
diém t=0 van chua duoc chimg minh vé
mit 1y thuyét. Dé khic phuc han ché nay,
ta cAn mot diéu kién tién nghiém manh hon
diéu kién (3.11), nhu sau

- K , diéu nay c6 nghia la

. voi me(0,2),

nhit cua J,, thitaco

u®(,-t) _u(""t)“z < gmimimil-m}

véimoi t€[0,T].

Chirng minh:
Tu chirmg minh cua Pinh [y 4.1, ta co

g\/NC
AT-a

‘(1)U ) <

2

Vi vy, trong dinh 1y nay, ta chi cin udc lugng hang tir thir ba

trong cong thuc (4.14).
Tir (3.1), (4.8) va Bé dé 2.2, ta thu dugc

(A LF Q)0 - ALLF.al0)] +

61

(/%+T“]KC12
COF(l—a) (V2M +2)+2M |, (4.13)
+2M e+ ot S0 (4.24)
Me+ ﬂr( p +e () =u(,- 1) -
‘ ""t)—“(""t)uz

Bo,[f,0](0) — By, [f,al()]
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] ﬁ{ (0 Hamn[f]—qmn(r)amn[quz

B+E, (—C225T) E,.(—C*45T%)

Eal - 2ﬂ’rfmta 2 b f - b i
+ﬂ2[ ( ¢ ) )] [ mn[ ] an(T) mn[q]}

B+E, (-C*A5T" E,.(—c?25T¢)

2

( ¢ Y 1
<ﬁ (F(l 0{)] { mnEal( Czﬂ’ninTa)

" [amn[f]an(r)amn[q]T{bmn[f]an(r)bmn[q]T

E,.(-¢°22.T) E,.(-¢?22.T)

2

< ﬂZ ( C1 ) 1 % l':n a'mn [ f ]_ an (T)amn [q] + bmr\ [ f ] B an (T)bmn [Q]
rt-a)) | C, E,,(-c"42T) E,.(-c"4.7°)
" (1A T )T )

SIBZ [Cl) 7+T Xﬂ’;n mn[ ] Qrzn(zr)amn[q] n bmn[f]_QrgnEr)tlmn[q] ’
i E,.(-¢*2%T¢) E,.(-¢’22T°)

—2 @, 1a nghiém dwong nho nhét cia J,,.

trong do, Ay, =

Tu do, ta suy ra

2 1 2
(et 1 +T% | K2
)-uto), <ﬂ[ ][ﬂol ]

Suy ra

c( 1
“(0)—UGs ), <v2M M T (_a)+J_ +EF(1 - ﬁ—(aﬂ JK. (4.15)

Bang cach chon

N | =

G S, véi me(0,1),

ﬂ_
[/%+T“JF(1—0:)K

1
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thi udc lugng (4.15) tr¢ thanh

iz+T“

1

uf(-,-,t)—u(-,-,t)HZSSm [

(gm

< gmin{m;l—m}

Cl(l-a)

Diéu ndy hoan tat chimg minh cua
Dinh 1y 4.3.

Nhian xét 4.4 Cong thuc (4.13) cho
thdy rang sai s giita nghiém chinh xac va
nghiém chinh héa tai thoi diém t=0 da
dugc chimg minh vé mit 1y thuyét. Do do,
ching ta da khic phuc kho khin dugc néu

| |
%‘— (\/N+1)+ 2M ¢+ %1

Cl(l-a)

KC?
o ] IV +2) +2M |.

uﬁ(-,-,t)—u(-,-,t)u2 <M — G M e

I'l—a)

2
iz +Taj KC?
1-m

Cl(l-a)

ra trong Nhdn xét 4.2.

Nhén xét 4.5 Trong thuc té, diéu kién
tién nghiém (4.12) thuong khong duoc biét
trudc. Trong truong hop nay, véi Dinh Iy
4.3, tachon B=¢"", v6ime (0,1), khi do
ta thu dugc udc luong

G +gl‘m& LZ+T“ K
I'l-a) Co 20,1

< gmmMmm (oM +1) G +42M S i2+T” K |.
I'l-a) Co | Aos

5. Vi du sb

Trong muc nay, chiing t61 xét bai toan cu thé sau

D{"ut:02£%+%2—3+r%22l;]+q(r,9), 0<r<10<6<2r0<t<l (51)
u@e,t)=0, 0<0<271,0<t<], (5.2)
u(r,8,1) = f(r,0), 0<0<271,0<r<], (5.3)
|u(0,6,t)| <o, 0<f<2r,0<t<], (5.4)

trong do, o = %,C =10" va

a(r.0) = I'l—ea)

(1-r?)r?sin20, f(r,0) =

(5.5)

i) (1— rz)rsin 0.
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Do d6, ching ta c6 dugc

u(r,o,t) = ZZJ (Al ) U (0,1),

m=0 n=1
trong do
a.,.[f]=0 v6i m=0,1,..van=12,..

16
F(l 0() aln (aln)

voi n=12,..

b, [T]=

b..[f]1=0 véi m=lvan=12,..
a..[a]=0 v6i m=0,1,..van=12,...

1 24

3 véin=12,...
I'l-a) o, (aZn)

b2n [q] =

b..[0]=0 v6i m#2 van=12,..
Tur do, chiing t61 thu dugc nghiém chinh xac cta bai toan (5.1)—(5.4) tuong ung voi
dir liéu chinh xac ( f, g)nhtr sau

o (- alnt“) 1 16sin0
u(r’e’t) B nzzll Ea,l (_C Olln ) 1—‘(]-_a) a13n‘]2 (aln

)Jl(alnr)

+\]2(a2nr)(J.(:(t—5)a1Ea, ( —C azn(t 5) )1"(1_ )C 245”1(? )
a

24sin 20
)ds]

ds

2 5
C'ay,Jd; (aZn

al( C tyt ) 1 a-1 2 2 a
dl( "t )F(l )j( “9"E, ( C (T —9) )
-y Ea(-Cant’) 1 16sind
n=1 Eal( ¢’ 0!1n ) F(l O!) aln Z(aln

)Jl(alnr)

1 ; 1 24sin 20
+Jz(a2nr)(m(1‘5 (e @) G5 J; ()

2n

Eal(_czazznta) L 1 2 2Ta 24sin 20
_Ea,l(—czazznT“)r(l—a) ca?, (1_ E(~cazT ))m . (56)

Tiép theo, ching toi xét cip dit ligu do nhidu ( f°,q°) sau day

q°(r,0)=(1+erand(-))q(r,0), f°(r,0)=(1+erand())f(r,0), (5.7)
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voi rand() ~ N(0,1). Tur (5.5) va (5.7),
dé nhan thdy
‘ qf—qHZSg. T (4.2) va

1 ) )
chon m :E’ chung t61 thu dugc nghiém

dang rang

fg—fuzs,s,

Ea,l (_Czalznta) 1

chinh héa cua bai toan(5.1)—(5.4) twong
tmg vé6i cip dir lidu nhiéu(ff,q‘f) duoc

xac dinh nhu sau

16(1+ erand(-))sin @

o=y

1
&2

2 2T«
+E,,(-CPeT

2n

1 «
+1, (aZHr)LW(l— E, . (~c?alt

E,. (—Czazznt“ ) 1

) F(l— C{)

Jl(alnr)

a13n‘]2 (aln )

24(1+ erand(-))sin 20
Czagn‘]:i (aZn )

1
)) I'l-e)

1 24sin 26

1
2 2 2Ta
& +Ea’1(—c o, T

Véi sy hd trg ciia cac chuong trinh
tinh toan, chung t6i di thu duoc cac két
qua xap xi cho nim hé sé dau tién trong
(5.6) va (5.8) tai mot sb gia trj cia t. Tu
d6, chung toi tién hanh tinh toan sai sd
gitta nghiém chinh x4c va cac nghiém

) F(l— a) Czazzn

(5.8)

(2- Ea,l(—CZ“ZZHTa))W |

chinh héa twong tng véi cac mirc nhiéu
& =10_1,6‘2 =1O_2,<93 =10_3,€4 =10"*,
trong do te{0;0.5}. Bang dudi day trinh
bay sai s6 twong tng trong cac truong hop
néu trén.

Bang 1: Udc luong sai s6 gitra nghiém chinh xac va cac nghiém chinh hoa

u® (- t) —u(, "t)Hz

t g =10" &, =107 £,=10"° g, =10"
4.2342x107! 3.5348x10™ 5.7586x107° 2.3261x107
0.5 3.3042x107" 1.3875x10™* 4.9050x10°? 1.6082 x1072

Chung t6i trinh bay cac dd thi cia
nghiém chinh xac u(r,d,t) va cac nghiém
chinh héa u®(r,6,t),i=1..4 (Hinh 1-5)
tai t=0.5. Cudi cung, Hinh 6 minh hoa sy

so sanh gitra nghiém chinh xac va cac
nghiém chinh héa u(r,0,t), i=1..4 tai
r=0.5 t=0.5 trong hé toa do cuc.

65



SCIENTIFIC JOURNAL OF SAIGON UNIVERSITY

No. 97, Vol 01/2025

izl
5 08)

Hinh 5: Nghiém chinh héa véi &, =107,

Hinh 4: Nghiém chinh héa véi ¢, =10,

T
2

Se et
4

— Nghiém chinh xdc. B Nghiém chinh héa twong tmg véi £ .

Nghiém chinh héa twong ung v6i £,. | + Nghiém chinh hoa twong ung véi &, .

% Nghiém chinh hoa twong ng véi &, .

Hinh 6: Nghi¢m chinh xdc va cdc nghiém
chinh hoa twong vrng voi ¢, i =1...4 trong
truong hop r =0.5, t =0.5 trong hé toa dp cuc
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6. Két luan

Trong bai bao ndy, bang cach ap dung
phuong phap tua gia tri bién (QBV), chung
toi da xem xét mot bai todn nguoc cho
phuong trinh khuéch tan bac khéng nguyén
theo thoi gian khong thuan nhat trong hé
toa d6 cuc, nham phuc hoi trang thai ban
dau ctua mot qua trinh khuéch tan cham tir
trang thai hién tai. Theo hiéu biét cua
ching t6i, day 1a nghién ctru dau tién vé

van dé nay. Vé mit Iy thuyét, ching t6i da
thu dugc cac udc lugng sai s6 kiéu Holder
dua trén quy tic chon tham sb tién nghiém
va cac diéu kién tién nghi¢m. Hon nira, cac
vi du sb cho thay nghiém chinh hoa duoc
dé xuit hoi tu vé& nghiém chinh x4c. Sau
nghién ctru ndy, ching t6i mong mudn tiép
tuc khao sat cac bai toan ngugc cho
phuong trinh khuéch tan bac khong nguyén
theo thoi gian trong hé toa dd tru hodc cAu.
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