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Abstract

The problem of determining the initial temperature distribution in the backward heat equation (BHP) has
attracted significant attention across various physical disciplines. While numerous studies have addressed
the linear version of this inverse problem, the nonlinear case remains largely unexplored. To the best of
our knowledge, the literature contains only limited results regarding the nonlinear BHP formulated in
spherical coordinates. Motivated by this research gap, the present work aims to analyze the nonlinear
backward heat equation in spherical coordinates. We begin by examining the inherent ill-posedness of the
problem and then propose a regularization strategy based on the quasi-boundary value method to obtain
a stable approximate solution. Our analysis demonstrates that the regularized solution not only exhibits
continuous dependence on the terminal data but also converges to the exact solution in an appropriate
function space.

Keywords: Nonlinear backward heat equation; Inverse problem; Spherical coordinates; Regularization
method; Quasi-boundary value method.

Tém tit

Bai toan xac dinh phan b nhiét do ban dau trong phuong trinh nhiét nguge (BHE) da thu hit nhiéu su
quan tim trong céac linh vuc vat Iy khac nhau. Mic du da c6 nhiéu nghién ctru tip trung vao truong hop
tuyén tinh ctia bai toan nguoc ndy, truong hop phi tuyén van con it duge khai thac. Pic biét, theo hiéu
biét cua chung t61, hién c6 rat it két qua vé bai toan BHE phi tuyén dugc xay dung trong hé toa do cau.
Xuét phat tir diéu nay, két qua nghién ciru hién tai huéng dén viéc phan tich phuong trinh nhiét ngugc phi
tuyén trong toa do cau. Chung toi bit diu bang viéc khao sat tinh khong chinh ciia bai toan, sau d6 dé
xuit mot phuong phap chinh hoa dya trén phuong phép twa gié tri bién dé thu dugc nghiém gan dang 6n
dinh. Chung t6i cling chirng minh dugc nghiém chinh hoa khong chi phu thudc lién tuc vao dir liéu cudi
ma con hdi ty vé nghiém chinh xéac trong khong gian thich hop.

Tir khéa: Bai todn nhiét ngiroe phi tuyén; Bai todn nguwoc; Toa do cau; Phiong phdp chinh héa; Phuong
phap twa gia tri bién.
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1. Introduction

Let a, T, and ¢ be positive real numbers, and let =(0,a)x(0,7)x(0,27). We

consider the inverse problem for the following nonlinear parabolic equation

u,(r,0,¢,t) =c>v2u(r,0,4,t) +q(r, 0, 4,t,u(r, 0, ,1)), (1.1)
u(a, @,4,t) =0, (1.2)
u(r,0,4,T)=1(r.0.4), (1.3)
u(0,0,¢.1)| <o, (1.4)

where V? denotes the Laplace operator in spherical coordinates, given by

Vi = ou 2au 1 (82u ol

ou

—+=—+=| — +cotd—+csc’¥— |-
af ror 2\ o¢? 20" °° a¢2}
The constant a is the radius of the ball, while r is the radial coordinate. Throughout this

paper, we use the Hilbert space H =L (Q; r’sin gdrd 9d¢). The final temperature f is

assumed to belong to H . For brevity, we write
q(u)(r,8,¢,t) =q(r,6,¢,t,u(r,6,4,t).
The precise assumptions on the nonlinear heat source § will be stated in Section 3.

As we know, the aim of the above problem is to determine the unknown initial
temperature distribution at any earlier time t <T from the temperature profile at a particular
time t =T (the final data). This problem is called the backward heat problem (BHP), or the
final-value problem. In practical applications, many physical processes can be described by
the BHP, including heat propagation in thermophysics and continuum mechanics. In general,
this problem is severely ill-posed in Hadamard’s sense. This means that a solution does not
always exist, and even when it does, it does not depend continuously on the given data. In
particular, the final data f are obtained through physical measurements, which inevitably

involve errors. Therefore, in practice, we only have the measured data f* such that
[fe-f|, <e
H

where £ >0 is the noise level.

This implies that the solution corresponding to the measured data f° has large errors

from noise level &. Thus, an appropriate regularization method needs to be proposed in
order to get a stable solution. Until now, many methods, presented in several articles (see in
[3, 6, 7, 13, 14] and the references therein), have been proposed to deal with the BHP.
However, the above results are mainly devoted to the linear case of the BHP. Recently, the
nonlinear case of the BHP, described by the following problem, has also been considered by
some authors (see in [8, 11, 12, 15])
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a(x, tu, =u, +u, +9g(x y,t,u(xy,t)), (x,y,t)elx(0,T),
u(0,y,t)=u(z,y,t)=u(x0t)=u(x,zt)=0, te(0,T), (1.5)
u(xy,T)=e(xy), (x,y)el,

where 1 =(0,7)x(0,7) or R?, a(x,t) is a thermal conductivity and the functions ¢, g are

given. In [13, 16, 17, 20], various regularization methods were applied to obtain the stable
approximate solutions such as the truncation method, the quasi-reversibility method, the
quasi-boundary value method and the eigenfunction expansion method.

Recently, several studies have considered different domains for the BHP, such as in

polar or cylindrical coordinates. In particular, Cheng W. et al. studied an axisymmetric
homogeneous backward heat problem inside a ball of radius [;, in [1]. In that work, the

authors investigated the problem of determining the initial temperature distribution in a
spherically symmetric parabolic equation as follows:

a_u—a—zl;—za—uzo, 0<r<r, 0<t<T,
ot or° ror

u(r,T) =g(r), 0<r<r,

u, (r,,t) =0, 0<t<T,

|u(0,t)| <0, 0<t<T.

(1.6)

Using Tikhonov regularization method, the authors dealt with the problem (1.6) and got
the logarithmic type of error estimate. It is remarkable that g(r) in problem (1.6) is radially
symmetric or spherically symmetric, i.e., it depends only on the radius I and not on 8, ¢.
Therefore, the solution of problem (1.6) does not depend on 6,4, but in practical

applications, these things always do not happen. Very recently, Triet L. M. et al. [10]
considered the asymmetric backward heat problem in a ball which is more general than the
problem (1.6). In particular, the authors dealt with the following parabolic equation

u, = c’Viu+q(r,0,4),

U(a, 9’¢’t) = 01
u(r,0,¢,T)=1(r,0,9), (1.7)
u(0,0,¢,1)] < o0,

in which V* denotes the spherical form of Laplacian, Moreover, the Holder type of the error
estimate was given by applying the modified quasi-boundary value (MQBYV) method.

In the above problems (1.6)-(1.7), we show that the BHP is only considered in the
symmetric case or the linear case. In fact, by practical measurements we cannot always
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obtain symmetric or axisymmetric data of f . Additionally, the heat source J is not often
linear. In our knowledge, the works for BHP on the spherical coordinates are rarely
investigated and even we do not search any results which is associated with the asymmetric
and nonlinear case of the BHP. Based on the idea of two problems (1.5)-(1.7), we are
interested in the nonlinear backward heat problem in spherical coordinates of determining
the temperature distribution u(r,,4,t), (r,6,4,t) (0,a)x(0,7)x(0,27)x(0,T) satisfying

the problem (1.1)-(1.4). It is easy to see that the problem (1.1)-(1.4) will be considered with
the asymmetric case of the given data f and the nonlinear heat source (. To overcome the

ill-posedness of the problem (1.1)-(1.4), we apply the modified quasi-boundary method
(MQBV) to construct stable approximation problems and achieve the error estimates
between the exact solution and the regularized solution. As we know, the quasi-boundary
value (QBV) method, given by R. E. Showalter in 1983, is one of effective regularization
methods. In [9], the main idea of the QBV method is to add an appropriate "corrector term"
into the boundary condition. Based on this idea, the correction term was modified in [7],
leading to the modified quasi-boundary value method. The MQBV method has been
frequently applied by many authors in [2, 7, 12] in order to investigate to the BHP.

This paper is organized as follows: In Section 2, some definitions and propositions are
given to find out the solution of the problem (1.1)-(1.4). In Section 3, the regularized solution
by using the MQBYV method and the proves of main results are presented.

2. Some Definitions and Propositions

Throughout this paper, we denote by L (Q; r’sin 0) the space of Lebesgue measurable
functions f with weight r’sin@ on Q.

Definition 2.1 Ler a >0, we define
H:=L*(2;7?sin0) = {v:.() — C|v ismeasurable, ﬂ lv(r, 8, 9)|*r? sin 8 dpdOdr < oo}.
0

The inner product and the corresponding norm in H are defined by

(v, I

2z

j v(r,0,9)W(r, 0, $)r’ sin od gd adr,

O =

and

27

M., :(” [lv(r.6.) r*sin 9d¢d9dr]z.

From here on, some propositions which were presented in [4, 5, 16] are restated.
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Definition 2.2 Let n be a non-negative integer. The spherical Bessel function of the
first kind of order n is defined, for x >0, by

. (= 12
h0=(£] 9,00

where J | denotes the Bessel functions of the first kind of order n + % At x =0, the function
n+=
2

J,, is defined by continuous extension, namely, j,(0) =1 and j,(0)=0,n=123,....

Proposition 2.3 Let n be a non-negative integer. For A >0, consider the radial

boundary-value problem

{rZR"(r)+2rR (r)+(4°r* =n(n+1))R(r) =0, 0<r<a, R(a) =0, o

R(r) is bounded as r — 0",

This problem admits a nontrivial regular solution if and only if

A=A _:M, j=1,2,..,
a

n,J

where .y, ; is the j—th positive zero of Jn+ 1 7 he radial eigenfunctions corresponding to
2

the eigenvalues ﬁ,nz’j may be chosen as R, (r) =], (/Inyjl’), 1=1,2,.... Equivalently,
I (/In ja) 0. For fixed n, the family { (l r)} _ satisfies the orthogonality relations
’ €l

a

Irzj“ (;tnyjr> jn ()vn,kr)dr =0, J #K.

0

Moreover,

3

_[r ﬁ“ r dr— 2 Jn+1(an+1/2,j)'

Proposition 2.4 Let n be a non-negative integer. The Legendre polynomial of degree
N is given by

_1d (2n—2m)! .
P“(X)_?n;)( 2 m!(n—m)!(n—Zm)!X ' 22)

where M =n/2 if n is evenor (n—1)/2 if n is odd. Morever, for x e (-1,1), the Legendre

function of the second kind Q, admits the representation
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Q,(x)= % P (x)lnGJr—XJ—Zn:% PP (x),n=012..  (23)

-X) ia
where the sum is understood to be zero when n=0.

Proposition 2.5 Let n be a non-negative integer. The Legendre differential equation
of degree n is

(1-x*)y"=2xy+n(n+1)y =0, -1< x<L. (2.4)
From that, the general solution of the equation (2.4) is
y(x) =R, (x)+¢,Q, (x),
where P, (x), Q,(x) are defined by (2.2), (2.3) respectively, and C,, C, are arbitrary

constants.

Remark 2.6
1. For 0 <m < n, the associated Legendre function of degree n and order m is defined by

P™(x)=(-1)" (1- xz)m’z%, xe[-11]. 2.5)

n

For negative orders, we use the convention

P (x) = (-1)" ((2;?)" P"(x), 0<m<n.

2. The normalized complex spherical harmonics are defined by

_ 2n+1(n—-m)! _ . img
Yom (60.9) / " (n+m)!P” (cos@)e™, (2.6)

where n=0,1,2,... and m=-n,—(n-1),..,n—1,n.

Proposition 2.7 Let n be a non-negative integer and consider the differential equation
for the spherical harmonics be defined by

o%Y oY o°Y
—— +cot@—+csc’l@—+n(n+1)Y =0,
00 06 7 o4 (n+1)

where 0< 0 < 7,0< ¢ <27x. Then 2n+1 linearly independent nontrivial solutions are given
by the spherical harmonics Y (6,4) =Y, ., (6,¢), |m/<n, where Y,  (6,¢) is defined by (2.6).

Proposition 2.8 Let f € H. Then the family

{n(Anj7)Yum(6,¢):j EN",n € N,—n <m < n}
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forms a complete orthogonal system in H, and we have
(ro.)=23 > Z Ao In (407 Yo (6.9),
j=1n=

with convergence in H, where

arn2r R
A = ——— [ [ [ 1(1.6.8) i (4,7 ) Yo (6.8)r* sinod gdodr,
a [ ]00 0
Jn+1 an 1.

EJ

and Y, . is the complex conjugate of Y, ... Furthermore, Parseval’s identity takes the form

a3 © oo
=S 555

j=1 n=0 m=-n

Remark 2.9 If f eH is real-valued then its Fourier—Bessel coefficients satisfy

A

i (=m)n

used in Section 3 preserve real-valuedness.

=D~ % Hence, the Fourier—Bessel expansion and the real-valued spectral filters

3. Regularization and main results

Employing separation of variables, we can clearly find out the exact solution u of the
problem (1.1)-(1.4) corresponding to the exact final data f as follows

u(r,0,4,t) = ii Z A [ £.U](1) Jy (A7) Yo (6:0), 3.1)

j=1 n=0 m=-n
where
.
A [ F.U](t) = exp{c?47 (T =)} 10, = [exp{c?A2 (s 1)} Q) (u) (5, (3.2)

t

arn2r
Fim = []] 1r.0.0)i, (% r)Y, . (6.6)r*sin 6dgdeadr,

a Jn+1( n+1/21) 000

27

G (W) (1) = 57— H A(u)(r.0.4.0)J, (4,1 )Y, (6.4)r*sinodgdodr.

a Jn+1( n+1/2] 0

Here j,, Y and 4,; are defined in Definition 2.2, (2.6), and Proposition 2.3,

n,m?

respectively.

Since 0<t<s<T, we see from (3.2) that, as n becomes large, the terms

exp{c®A; (T —t)} exp{c®A; (s—t)},
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rise rather quickly. It is well known that the ill-posedness of problem (1.1)—(1.4) originates
from these terms. To overcome this difficulty, one has to replace them with suitable

stabilization terms. In detial, we replace exp{c’A? (T —t)},exp {Czﬂn% (s —t)} by
exp{—c*A7 t} exp{c’A?;(s—t-T)}
eGPl +exp{—C’ A2 T} ec®A7; +exp{—c*A} T}

, respectively. So that, we construct the

regularized solutions U,V*corresponding the mesured data f° and the exact data f,

respectively which are defined by

U 0.0=3 3 Y B [0 01 (1 on (09) G3)

j=1 n=0 m=-n

where
_ exp{ c’Ast } T exp 2/1rf’j(s—t—T)} .
1 ](t)_gcziz jrexp{-c’A2 T I502/12 +exp{—c2/1§jT}qim”(u ) (s)ds,
fm =77 sz £4(r,0,0)n (4,7 )Yam (6. 4) r* sinodgdaar,
a Jn+1( n+1/2] 000

2z

i (U°) () = 57— Iﬂq )(r.0.8.0)j, (4, 7)Y, (6.8)r’ sinodgdodr,

a Jn+1( n+]JZJ

and
VE(r,0,4,t) = ZZ Z B T,V [© o (4057)Yan (6.8), (3.4)
where
exp{—czﬁijt} toexp{c®A (s—t-T)}

m[ 1 }(t):gczﬂjﬁexp{—cz/”tz ’”“”_Igczxi2 +exp{—cz/1rf'jT} i () (5135,

2z

Qo (V) (V) = 77— jf [ a(v*)(r.0.0.05,(4,,7)Yon (6.¢)r* sinodgdodr.

a Jn+1( n+1IZJ

Here, ¢ is regularization parameter. Since the filter factors are real-valued and independent

of m, Remark 2.9 shows that u® and v* are real-valued whenever the corresponding final
data are real-valued.

10
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Lemma 3.1 Let 0< ¢ <T,a >0, we have the following inequality

ga+exi){—aT} = E(In (ED_l

Lemma3.2 Let 0<t<s<T,0<&<T and a>0, then we get the following inequalities

t—s

exp{(s—t-T)a} ~ ™\ T
L sa+exp{—aT} =T (8 in (;)) !
2. Let s=T, we obtain

_ewitta) 5 (e In (T))F_l,

ea+exp{—aT} €

3 exp{(s—t-T)a} B
ca+exp{-aT}

&

where T =max{1;T} and B, =max {EI}
£ &

We can see the proof of the above lemma in [7].

We now state the assumptions imposed on the nonlinear source ¢. In particular, g is

real-valued and globally Lipschitz continuous in its last variable. Thus, there exists a
constant L, >0, independent of r,8,4,t,u,v such that

la(u)(r.0,¢,t)—q(v)(r.0,4,1)| < L Ju-Vv. (3.5)

Next, we get the existence and the uniqueness of the solution of problem (3.3) in the
following theorem.

Theorem 3.1 Let f° € H be real-valued, £ €(0; min{l, T}), and suppose that q satisfies
(3.5). Then the problem (3.3) has a unique real-valued solution U® € C ([O,T]; H )

Proof. For a real-valued U C([0,T];H), we define
W (u)(r,0,4,1) = 222 B2 [ £5,U](1) b (40,7 Yom (60),

where
e s e

} 0o (U) (S)ds.

11
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By Proposition 2.8, Remark 2.9, and the continuity assumptions on g, W maps the real-
valued elements of C([0,T];H) into themselves. We equip C([0,T];H) with the norm

llulll= sup Ju®)], -
te[0,T]

We claim that for every u,veC ([O,T ]; H ), K is a positive integer, we obtain

W (u) (t) -w* (V) @), < ) S TR JJu—vP, (3.6)

1T
where B, = max {— , —} . We shall prove (3.6) by mathematical induction.
E €

For k =1, we get

WEOWOOL =535 3 i, |

j=1 n=0 m=—n

T exp{czﬂjj(s—t—T)}
g J.gczﬂ,z +exp{—c’A2 T}
t n, j n, j

[ (4)(9) =G (v) ()]

By applying the Holder inequality, Lemma 3.2 and (3.5), we have

W (u)(t)-w (v) O
‘t)a;ii Z Jn+1£a ;J)

X]‘{ exp{c’A?; (s—t-T)} }

2
—(u)(s)—q.. (v)(s)| ds
t gcz/lan +exp{_C2/1nz’JT} qjmn ( )( ) qjmn ( )( )‘

3
< (T = 6) 5 271 Zno Zim=n s (an+%,j)

j(

STBfI{%ii Z Jn+1£an 1 .j‘qjmn (S) qjmn (S)‘ :|

t j=1 n=0 m=-n

t=s\ 2
(et (Z))_> 4 (S) = Gn IS s

~

&

12
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.
<TB? Lﬁj”u(s) —v(s)||2H ds
t

<TB2L2 v ds
t

<T(T-t) Bfo] Nu=Vv]IF.

Thus, (3.6) holds for k =1. Suppose that (3.6) holds for k =i, we prove that (3.6) holds

for kK =i+1. Since W' =W oW, the estimate established in the case k =1, applied to
W'(u) and W'(v), gives

o (0) ) - () O, = (w () ) -w (w () 0,

<TB ijN -W' (v) ()], ds.
Using the induction hypothesis, we obtain

W (u) () -w ()@ = W (W (u))(t)-w (W' (v))(t)HzH

STBSLEIQ B -V ds

t

TI+1BZ(I+1)L2(I+1)
=—————llu-v||f jT s)' ds
i

_ (M-
(i+)!

Hence, (3.6) holds for k =i+1. Therefore, by mathematical induction, (3.6) holds for
every positive integer k. Since T —t <T , we obtain

-I-i+lB€2(i+l) Lz(iJrl) ||| U—v |||2 .

mmﬂ(u M< B L lu—v.
For each fixed € >0,
Tk
—BiL; >0,

Jkt
as kK — oo, Hence, there exists a positive integer number K, such that

k

BIOLY <1,

k,!

13
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and W'® is a contraction. We conclude that the equation W (U?) =U® has a unique solution
u‘eC([0,T];H)
The proof of Theorem 3.1 is completed.

In the following theorem, we shall prove the stability of the regularization method for
problem (3.1).

Theorem 3.2 Let O0<e<min{l,T}, and let T, T°eH be real-valued. Suppose that
u®, v° are defined by (3.3) and (3.4), corresponding to the final data t° and f,

respectively. Then, we have

t-T

lu(® = v*Olls < V2T (etn (7)) 7 exp{(T = 2 T2L3}NF* ~ flla (B.7)
Proof. From (3.3), (3.4), Proposition 2.8, Parseval’s identity, Lemma 3.2 and
la+b| <2[a" +2o[,
we obtain

ur@®-v o)

2

exp{-c’A’ t}
eC* A% +exp{—c’A2 T}

25530 a, | (1= Ty)

n+=,
5 J

2

T exp{cz/”t,fj (s—t—T)}
-t[ eCP AL +exp{—C’ A2 T

S LA
:

L0 (58 n (v)9)]

<27 (et (O e -,

2(t-s)
T

+2(T =T [T (et (D)) 7 lla@®)(s) — q@)(©)ll3ds
<27 (e (D)1 - g1

2(t-s)

+2(T — )T?L% ftT (s In (g))T lut(s) — ve(s)||4ds

14
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It follows that

2 .
(gm(IDT ’ ssz(gm(ID [te—t|f
& & H

~ T =
+2(T = )T?L [, (e In (E)) T lué(s) — ve(s)l|4ds.
Using Gronwall’s inequality, we have

t-T

T

- T -
lut(©) = ve@lls < V2T (0 () exn{(T = 02722317 = flls.
This completes the proof of Theorem 3.2.

Then we give estimate between the regularized solution corresponding to exact data and
the exact solution as follows

Theorem 3.3 Let 0 < e <min{l, T}, and let V° be defined by (3.4), corresponding to the
exact final data f. Let U be the exact solution of the problem (1.1)-(1.4). Assume that

[veu(.--0)], <A (3.8)

and

%ii Z Jn+l[ ]ﬂc%z exp c lnzyjs}qjmn (u)(s)rds <B’. (3.9
Then, for t€[0,T],
lve(@) —u@®)lla

t-T

< V3T(c2A +VTB) exp {% (T — t)ZTZLg} £ (ln (g))T (3.10)
Proof. From (3.2), evaluated at t =0, we have

]
A [ F,u](0) = exp{c®2? T} f,, —Iexp{czijjs} Oy (U) (5)ds .
0

Subtracting Bj, [ f ,Vg}( ) from A, [ f,u](t), adding and subtracting g, (u)(s), and

jmn

using

C’A; j exp{c’A; S}y (U) (5)ds

o!_.,-, O —_—

2 rexp{c’A? s}, (u)(s)ds + ]‘ c?A; exp{c’A; s}, (u)(s)ds,

15
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we obtain

Ao [ fou](t Jmn[fv]

gexp{—c%nzjt} 242 2,2 242 2,2
= : C A | €X /1 CA  exp{c A s} .., (u)(s)ds
w72, +expl 2 T] p{c i I v eXp{C Ay S} (U) (S)

gexp{ 2/12

t
212 2172
gc212.+exp cﬂz _([c A expf{c ;tnyjs}qjmn(u)(s)ds
n,j

T oexp{ciAl; (s—t-T)}

+t £c’Al +exp{-c’A} T}

(G (V) (8) =G jom (1) (5)) . 3.11)

The expression in the first pair of square brackets satisfies
c’Al exp 2/12 . J'cz/‘t%j exp{C’A; S}y (U) (s)ds =c?27 A [ F,u](0).

Since
VZ [Jn (/In,jr)Yn,m (91¢):| = _ﬂ’nz,j jn (/In,j r)Yn,m (9’¢) ’
the quantity ¢ ﬂh .| f,U](0) is the Fourier—Bessel coefficient of —c*V?u(-,-,0).

By Proposition 2.8 and Parseval’s identity,

TS5 o JeR Al 0f e oo

%ZZ Z jrirl(a WL J‘Czﬂnz,A,mn [f U]( )‘ <cYA?,
2'
By Proposition 2.8,

e e )

‘2

jmn[fv] A [ foU](1)

Using the inequality |a +b+ C|2 < 3(|a|2 + |b|2 + |C|2 ) , we estimate the three terms in (3.11)

separately.

16
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Estimate of the first term:

_ 2,2 L
By Lemma 3.2, with s=T, cexpl -t ] <eT (e In (g))T g

sczlfl'j+exp{—czlfl_jT
Combining this inequality with (3.8), the contribution of the first term is bounded above
B 2(£-1
by £2T? (8 In (g)) ) c*AZ.

Estimate of the second term:

By the Holder inequality,

2

t
'[cz;tn% ; exp{c? A7 S}, (U) (5)ds
0

t
< tﬂc%jj exp{c®A? ,S3m (u)(s)‘2 ds
0

<T[[e%2], exple" 2 sha, (u)(5) 5

O ey —|

Using (3.9), the contribution of the second term is bounded above by

72 (ein(D)) " re

Estimate of the third term:
t—s

292 (o t_ e
By Lemma 3.2, for t<s<T, exp{c An 57 T)}}S T(e In (g)) .

272 _ 272
&c ln‘j+exp{ c ln,jT

By the Holder inequality,

2

T exp{cz/inzvj (s—t—T)}
-! eCP Al vexp{-C’ A2 T

{0 )60 10

2(t—s)

~ T ™\~ 7 2
<@-0T2 [/ (em(3) 7 1amn@*) = Gmn@(s)| ds.
By Proposition 2.8 and Parseval’s identity,

3 o o n
SR AT
N2

j=1 n=0 m=-n

G (V) )=y (1) &) = Ja(v*) ) -a () S,

It follows from the Lipschitz condition (3.5) that

a(v)©-aW)©), <t ©-ue);.

17
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Therefore, the contribution of the third term is bounded above by

2(t—s)

(eln(§)> i lve(s) — u(s)||4ds.

T

(T —t)T?L f

t

Combining the preceding estimates, we obtain
t
_ T\ 2(71)
lve(t) —u(t)||% < 32T? (e In (E)) (c*A? + TB?)
2(t-s)

+3(T — t)T?L% ftT (e In (g))T lve(s) — u(s)||%4ds.

2T -2t

-2t -
Multiplying both sides by & T (In (ID ! , and noting that
g
2T -2t t
it o)
e’ (In (—j) ! &° (5 In(ID ! =1,
£ £
and, for t<s<T,
2T -2t 2(t-s) 2(T-s)
T

we obtain

Ve (t) —u(t)HzH

2T—-2s

5 5 T 2 T T
< 3T?(c*A? + TB?) + 3(T — t)TZLEIJ £ (ln (;)) lve(s) — u(s)||4ds.
t

Using Gronwall’s inequality, we have
2T-2t

S_TZt (ln (g)) i lve(t) —u()llf < 3T?(c*A? + TB?) exp{3(T — t)*T*L%}.

Taking square roots, we obtain

s, = B EFTT w0 2 o (o[ D)

&

t-T

<J3T (c2A+ﬁB)exp{g(l' —t)2T2L§|}g; (m (IDT.

&

18
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This completes the proof of Theorem 3.3.

Finally, we prove the error estimate between the regularized solution corresponding to

the measured data f* and the exact solution of the problem (1.1)-(1.4).

Theorem 3.4 Suppose that T, T°eH arereal-valued and satisfy |

ff—f||HSg.

Let U and v® be defined by (3.3), (3.4) corresponding to the final data f° and f,
respectively. Let u be the exact solution of the problem (1.1)-(1.4) satisfying (3.8) and (3.9).

If £ €(0; min{l, T}) then

u () -u@), sﬁ(ln(lnT M,0<t<T,
&

where M = \2T exp{T*12} + V3T (c?A + VTB) exp {% T"‘*L%,}.

Proof. By using triangle inequality, we infer that

u @ —u@)|, <ur@-v- O, +v:®O-u@)], - (3.12)

From (3.7), (3.10) and (3.12), we obtain

t-T

u'g(t)—u(t)”H sx/ng;[ln[T j) ! exp{(l' —t)szLz}

&

t-T

+/3T (*A+TB)exp {g(T _t)ZTsz}g; [In (EDT

) =T
SgT(In[IDT M,
&
where M = /2T exp{T4L§}+\/§T(c2A+JT_B)exp{gT4L§}.

This completes the proof of Theorem 3.4.
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