&% TRUONG DAl HOC SAI GON SAIGON UNIVERSITY

SGU TAP CHi KHOA HOC SCIENTIFIC JOURNAL
"o TRUONG PAI HOC SAI GON OF SAIGON UNIVERSITY
exonasase SO 101, Tap 03/2025 No. 101, Vol 03/2025

Email: tcdhsg@sgu.edu.vn ;  Website: http:/sj.sgu.edu.vr/

VE MOT THUAT TOAN TOI UU DUA TREN PHUONG PHAP
SUBGRADIENT CHO HAM LIPSCHITZ PIA PHUONG

On an optimality algorithm based on the subgradient method
for locally Lipschitz functions
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Tém tit

Trong bai bao nay, chung toi quan tim dén phuong phap subgradient thong qua mot day 1ap co6 str dung
dudi vi phan Clarke. Phuong phap nay dugc dung dé xay dung thuat toan tim nghiém t6i uu clia bai toan
t6i wu khong 16i v6i ham muc tiéu 1a ham Lipschitz dia phuong. Cac két qua dat dugc vé sy hoi tu, do
chinh x4c va didu kién ding cua thuat toan s€ dugc gidi thigu. Phu’orng phap st dung trong nghién ctru
nay mé rong cac két qua dugc phat trién bai S. Boyd cho bai toan t6i vu 16i dwoc gidi thiéu trong [1].

Tir khéa: Phiong phdp subgradient; Duéi vi phin Clarke; Sw héi tu cia day ldp; Piéu kién dimg.
Abstract

In this paper, we are concerned with a subgradient method based on an iterative sequence involving the
Clarke subdifferential. This method is used to construct an algorithm for finding optimal solutions of a
nonconvex optimization problem whose objective function is locally Lipschitz. The obtained results
regarding the convergence, accuracy, and stopping conditions of the algorithm are presented. The method
used in this study extends the framework developed by S. Boyd for convex optimization problems
introduced in [1].

Keywords: Subgradient method; Clarke subdifferential; Iterative convergence; Stopping conditions.

1. Gi6i thiéu
Xét bai toan t6i wu khong rang budc

(P)Min  f(x)

s.t. x € R™,

trong d6 f: R™ — R. Dbi véi bai toan 16i kha vi, phuong phap gradient tim nghiém tdi
uu dugc ap dung véi budce 1ap co6 dang

x* D = x® g VF (x1)), (1.1)
voi =V (x%) 1a huéng giam sau nhat, , >0 1a budc nhay cia thuat toan. Trong
truong hop bai toan 16i nhung khong kha vi, bude 1ap cua thuat toan duoc cho boi

X = x® — g u®, (1.2)
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Trong d6, X" 1a phan tir the k, u® e of (X(k)) la mot vec-to subgradient nao do6 cua

ham f tai x* va ¢, >0 1a budc nhay thir k cuia thuat toan.

Tuy nhién, dbi véi phuong phap subgradient, —u™ ¢6 thé khong phai hudng giam cua
ham f tai xX*. Hon nita, dd —u® 1a hudng giam tai x* thi buéc nhay @, van co thé
khién f(x*?)> f(x®) (xem [1]). Vi vAy phuong phap subgradient noi chung chua bao
d:élm lé}m cho céc gia tri ctia bai toan giam dan. Do d6, can phai thuc hién quy ‘Erinh tim diém
tot nhat tai moi budce lap, tic 1a tim diém lam gia tri cia ham muyc tiéu nhé nhat tai budc thu
k. Cu thé, & budce lap thir k , ta chon gia tri nho nhét cia hai gia tri %2 va f(x®) vata

best
dat i) =k néu f(x®)= 1% trong d6

£ =min{ f (x¥),..., f (x®)}.

1a gi4 tri t6t nhat thu dugc ciia thuat todn ¢ budc lip the k. Néu gia thiét f bi chin
duéi thi khi %) giam dan véi k — oo, ta co lim f.%) ton tai. Cac két qua nay da dugc gidi
thi¢u 1o trong [1].

Trong bai b&o nay, bai toan (P) c¢6 f 1a ham Lipschitz khong kha vi. Ddi chiéu cac day
lap (1.1), (1.2) véi chi y rang dudi vi phan Clarke tai x™ 1a bao 16 ciia cac I!im \%i (Xrgk)) ,

—0

trong d6 x — x® véi x™) € D 1a tap cac diém ma ham f kha vi, chung toi dé xuét ding
day lap (1.2) voi u™ eo° f (x1) .

Cac cach chon budc nhay «, dudi diy dugc tham khao tir [1], gom co:

e Budc nhay hang so: a, =a véi o 1a mot hang s6 duong.
o Budc nhay d dai hing s6: o, = ﬁ , trong d6 7 > 0. Vi cach chon bude nhay
u

nay, khoang cach giita diém thtr k+1 va diém th k xac dinh boéi phuong phap
subgradient 1 hang sd. Ttc 1a

I X*D —x® =g I u® ll= .

e Buéc nhay kha tong binh phwong nhung khéng kha tong: Budce nhay «, thoa cac

tinh chit sau

o0 o0
a, 20, Zak2<oo, Zak—oo
k=1 k=1

Phuong phap subgradient tim nghiém cua bai toan tdi uu dd dugc nhiéu tac gia quan
tAm trong nhiéu nim qua. Phuong phéap nay dugc Shor va cic cong sy dé xuét tir nhitng nim
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1960 va da dwoc gidi thidu trong nhiéu tai liéu voi nhitng phat trién [2], [3], [4], [5]. Lién
quan dén tdc d6 hoi tu cua thuat toan, gn ddy nhiéu tac gia di quan tAm cai tién phuong
phap nay [6], [7]. Muc dich ctia chung t6i 13 mé rong cac két qua vé phuong phap subgradient
duogc Stephen Boyd gi6i thiéu trong tai liéu [1] danh cho céc bai toan t6i wu 16i. Tir cac két
qua lién quan dén dudi vi phan ctia ham 16i, chiing toi mo rong thuat toan bang cach dung
dudi vi phan cho ham Lipschitz dia phuong dé tim nghiém t5i wu cho bai toan khong 16i.

Bai bao duoc to chire nhu sau: Trong muc 2, ching t6i trinh bay mot s6 kién thirc co
ban lién quan dén Giai tich Lipschitz va dudi vi phan Clarke cung voi mot sé tinh chét lién
quan. Trong muyc 3, chiing t6i khao sat sy hoi tu ctia thudt toan voi cac cach chon budc nhay
khéc nhau. Piéu kién dung cia thudt toan cling dugc nghién ctru. Mot vi du minh hoa cling
duogc gidi thigu.

2. Kién thirc chuin bj

Trong bai béo nay, cac két qua dugc xét trén khong gian R™ véi tich trong (-,-) va chuén

1 n
I -1l dinh nghia boi Il xll=(x,x)2 = /z x2.Vé6ix € R", U(X) dugc goi la mot 1an cén cua
i=1
X néu ton tai qua caumd B(x, 1) = {y € R™ | ||y — x|| < r} € U(x). Bao 16i cua tap A, ki
hiéu 1a co(A), cho boi
co(A):={x €ER™ | x=YF 4ix, Y5 4 =1,x,€ 4,1, =0,k € N}, (2.1)
Ham s6 f xac dinh trén R" goi 12 ham Lipschitz dia phuong tai diém x € R™ néu ton
tai 1an can U(x) € R™ va hang s6 K sao cho
1T (y)- f(@)|<Klly—zll,vy,zeU(x).
Tandi f 1aham Lipschitz dia phuong trén R™ néu f 1a ham Lipschitz dia phuong tai
moi diém x € R™,
Cho ham f:R™ - RU{+o} va vec-to d € R"\{0} . Xét x,edomf sao cho

X, +Ad edomf véi A >0. Pao ham theo hudng d tai X, cia ham f dugc dinh nghia va

ki hiéu béi

/(x5 = lim + o+ 20 = T0%)
A—0" A
Mot vec-to d € R™\{0} goi la huéng giam ciia ham f tai X edomf néu dao ham theo
huéng f'(x;d) ton tai va f'(x;d)<0. Ta ciing cé tinh chat sau: Cho ham f:R™ —» R U
{+o0} va x edomf . Gia sir d € R™\{0} la hudng gidm ctia ham f tai X. Khi d6 ton tai
&>0 sao cho x+td edomf va

f(x+td) < f(x),Vt e (0, ]
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Trong truong hop f 1a ham Lipschitz dia phuong, khai niém dao ham theo hudng dugc
m& rong thanh khai niém dao ham Clarke. Cac két qua duéi ddy c6 thé dugc tim thiy trong
tai liéu [8].

Pao ham Clarke tai X, theo huéng d duoc dinh nghia boi

f°(x,;d) = limsup flxrtd) =109

X—=%,t40 t
Ham f:R™ - R duogc goi 1a chinh quy tai X néu véi moi d € R™, dao ham theo hudng
f'(x;d) tén tai va f°(x;d)= f'(x;d), véi moi d € R™.
Tur day, dudi vi phan Clarke cho ham Lipschitz dia phuong dugc ki hi€u va dinh nghia
baoi
0°f(xg):={u €R™| f(xg;d) = (u,d),vd € R"}. (2.2)
Moi vec-to U trong cong thirc (2.2) goi 1a vec-to dudi dao ham Clarke ctia ham f tai

X,. Ta cling co

f(x;d)= max (u,d).

ued®f (%)
Chu ¥ rang dudi vi phan Clarke con dugc biéu dién bai
0°f (x0) = co{§ € R™ | § = LimVf(x;.), %) = Xo, % € D},

trong d6 D 13 tap cac diém ma tai d6 f kha vi [8].

Néu ham f 13 ham 16i trén lan c4n U cua x thi o°f(x)=of(x) va
f¢(x;d) = f'(x;d) v6i moi d € R™. Hon nita, néu x e int(dom(f)), f 1a ham kha vi trén
U thi o°f (x) ={Vf (X)}.

Ménh d@é 2.1 ([8], Ménh dé 2.1.2, trang 27) Cho f la ham Lipschitz dia phirong tai x €
=" véi K la hang sé Lipschitz, khi d6 | EI< K véi moi & €d°f(X).

Vi bai toan

(P)Min  f(x)
s.t. x € R™,
trong d6 f: R™ — R 1a ham Lipschitz dia phuong. Néu f c6 mot cuc tiéu dia phuong

tai X thi 08 (x).

Mot sé dinh 1i sau day ndi vé cac phép toan dudi vi phan Clarke. Cho f: R™ — R laham
Lipschitz dja phuong tai x € R™ va a € R, khi d6

0 (a £ )(X) = ad® £ (x).
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Véi fi: R™® - R,i = 1,n 1a cic ham Lipschitz dia phuong tai X xé4c dinh trén R™. Khi d6
o [Z f j ()< 6, (x).
i=1 i=1

Néu mdi ham f, chinh quy tai X thi

o° (Z fij(x) :Zn:ac f.(x).

Pinh li 2.1 ([8], binh i 2.3.7, trang 41) Cho ham f:R"™ - R la ham Lipschitz dia
phirong trén tip mé chira doan [X,y] véi x € R™,y € U(x). Khi d6 ton tai u e (X,Yy) sao
cho

f(y)—f(x)e(e°f(u),y—x).
3. Cac két qua chinh
3.1. Sw hgi tu cua thudt toan

Dua trén céac két qua dat duoc vé chin trén cua fb(eksi — 7 duoc gidi thiéu trong [1] va

[10], chung toi d& xuat bd d& sau vé chin trén d6 trong viéc giai bai toan tdi wu khong 16i
(P) dung day lap (1.2).

XD = 0 _ gy,
Bo dé 3.1 Xét bai toan (P) véi f:R™ = R la ham Lipschitz dia phwong. Gid st ton tai X
la nghiém t6i wu ciia bai todn, dat T (X)) = . Gid sir thém rang ton tai sé thuc dwong R thod
I x® —x"lI<R.

voi K() la hdang sé6 Lipschitz cia ham muc tiéu tai buwdc thir i, ta dat

G =max{K(i),i =1, k}. Khi @6 véi £>0 tup y, ta cé
k

R+ alG’
i=1

2i a,
i=1

£l —f" <

best t+é.

Chirng minh.

o o SO 1 NS s
Tai budc nhay tha k, dat Xn(k) ==X +(l——j x®) thi Xn(k) — x® . Gia st c6 diy
n n
{ur(lk)}neN thoa U™ € o°f (X)), khi @6 ton tai dy con {uﬁ:)} cua {u™™} sao cho u,ﬁ:) héi tu

ve u® e f (x®).
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Véi f 1a ham Lipschitz dia phuong, ap dung Pinh 1i 2.1, ta co

. 0 _ /K)o (k)
f —f(x )_<un , X —X >
N k * k =300 k * k . . A -
Ma <ur§),x — X )>—><u( ) X —x! )> nén véi moi &> 0, ton tai N € N sao cho

Kun(") X —x® > —<u‘k) X —=x® >‘ <&,vn>N.

Hay
—& < (u,®, X" =x®) = (u® X =xW) <.
Ma £ —f(x®)= <u,ﬁk) X — x(k)> nén
7 f (x> (u®,x =x®),u® e f (x¥). (3.1)
Khi d6
I X&) —x™ |2
=l x® — g u® —x"11°
= x® =X 20 (U™, x® =X )+ U 02
< x® X712 20, (£ (x9) = 7= &)+ e Hu® 12
< XD XN =20, (F(XO) = 7 =) =2, (F(X* D)= 7 =)+ Nu 12 o Hu® 2 112

<

k ) . k )
<X =X 1P =2 o (F(XO) = 7 =)+ Dt U N2,
i=1 i=1
Véi gia thiét | x® —x" I<R va Il x* —x"11?>0, ta cd
k ) . k )
0<R*=2) o (F(X") = f =2 D NP 17,
i=1 i=1
tuong duong

k ) . k )
2> (F(x") =" —)<R*+ > o Hu® 112 (3.2).
i1 i=1
Mat khac, ta co

k k

Yo (f(xO) =1 =g)zmin_ {f ()1 =5} > a.

i=1 i=1
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Ma
mini:ﬁ{f(x(i))— f*—g}zk:ai :(mini:fk f(x) - f*—g)zk:ai
i=1 i=1
(101 -e)Y e
i=1

Vay nén

2Zk:ai(fb<e§3 —f7-g)< R2+Zk:ai2 Tu® 2,

i=1 i=1

Suy ra

k
2 201 130) 112
RZ+> a2 lhu® |
Z

kK
22 o
i=1

Vi u® €6 f(x”) nén theo Ménh @& 2.1 ta c6 llu® I<K(i) voi K(i) 1a hang sb

(k) *
fbest -f <

+&. (3.3)

Lipschitz cia ham muc tiéu tai buéc thtt i. Chon G=max{K(i),i=1k}, ta co
Iu® <G, Vi =1 k. Khi d6 (3.3) tré thanh

k
R+ afG?
i=1

ZZk: o
i1

Néu f 1a ham 16i va gia sir ton tai s6 G sao cho

(k) *
fbest -f <

+&. (3.4)m

Iu® 1< G,u® eof (x*)

véimoi k thi véi & du bé, ta co két qua dugc dé cap trong [1]
k
R2+G?Y af
i=1
k
ZZ o
i=1

Bing cach chon budc nhay hing s6 hodc budc nhay d¢ dai hing so, gia tri caa £ —
s& hoi tu vé mot luong t6i wu ndo d6. Con néu ta chon budc nhay kha tong binh phuong
nhung khéng kha téng thi &) — " véi k da 16n. Tir d6, ta c6 co s dé dung phuong
phap subgradient v6i day ldp (1.2) tim nghiém ti wu ctia bai toan (P) . Cu thé, ta ¢ cac dinh
li sau:

£ _f <

best
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DPinh li 3.1 Xét bai toan (P) trong dé f:R™ — R la ham Lipschitz dia phwong véi céc

gid thiét ciia B6 dé 3.1. Véi buée nhay o, =o trongdo a>0 la hang sé cho trueée, khi dé

2
-1 <22,
voi K du lon. Hon nita
9~ f* < G2
sau it nhdt n buéc nao do.
Churng minh.
Tu (3.4), voi o, = >0, ta cod
K
R+ afG’
) — "< - +e
22 a
i1
_R’+ka’G? ;
2k
Khi k dulén va & dubé, ta co
fo_fe R oG aG
2ka 2 2
Hon nira, ta co
2 2 2
Zia < “S ok %.
Khi do6 véi & du bé thi
. R?
£ " <aG? vk > g

Tu do, ta théy béng cach chon a phu hop, fb(eksz ¢4 thé hoi tu vé f" sau it nhdt n budc
2
nhay voin = % € N.m
Dinh li 3.2 Xét bai toan (P) trong d@é f: R™ — R la ham Lipschitz dia phwong véi cdc

gid thiét cua Bé dé 3.1. Véi bude nhdy o, = trong d6 y >0 la hang sé cho trudc,

a1

khi d6 £ — f*g%,khi K di lon.
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Churng minh.
Tur (3.3), tacod

k
2 20 () 12
RZ+ > a lu®l

i=1

[
ZZ a;
i=1

K
R*+ 27"
— i=1
- Kk

/4
2 .
Z u®

i=1

O

IA

+&

+&.

Ma llu®” I<G véimoi i, do do
2 2
oo R
27k /G
Véi & dubéva k dua 16n thi

2 2
Ritky” . Gr
2/k /G 2
Khi d6 fbggz_f*g%..

Pinh li 3.3 Xét bai toan (P) trong dé f:R™ — R la ham Lipschitz dia phwong véi cdc
gid thiét ciia B6 dé 3.1. Xét budc nhay o, 20 thoa

IIaIIZ:Zak2<oo, Zak:oo.
k=1 k=1
Khi dé, T héituvé 7 khi k i lom va véi & >0 di bé.

Churng minh.
Tu (3.4), tacod

K
R?+G*> af
flg— ' <——"L—+¢

best K
2)
i=1

R*+G* Il xII®
£—F+¢.

2i o,
i=1
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k k
Khi k dulén, taco D af >l all* 1a hing s6 va 2) o, > nén véi & du bé thi
i=1 i=1

t90_£ 50 hay £ fm

3.2. Pj chinh xdc va diéu kién dirng

O phan trude, tir B6 dé 3.1, ta di chi ra dwoc mot chan trén caa £ — 7 1a

kK
2 2 2
R?+G*> «
(k) * i=1
fbest —-f < k
2) o
i=1

+&.

Trong muc n:ély, ta quan tim dén cach chon day cic budc nhay va s bude nhay dé chin
trén do6 1a nho nhat.

Trong [1], [10] va [11], c4c tac gia da tim nghiém t6i wu cta bai toan (P) véi ham muc
tiéu f 1a ham 10i bang phuong phap phép chiéu subgradient. Bang cach dinh nghia &—
nghiém cua bai toan la vec-to x € R™ thoa f(x)—f" <g, cac tac gia di udc luong duge sb
budc nhay dé thuat toan dat dugc &—nghiém. Noi cach khac, véi &> 0 1a do chinh xac cua
thuat toan, cac tac gia di dua ra nhitng nhan xét vé s6 budc nhay k sao cho f) - " <e.

Duya trén nhitng két qua d6, cho trudc sé duong 7 1a @6 chinh xac cia thuat toan. Néu
ta coi biéu thirc (3.4) 1a diéu kién dimg cia thuat toan thi cau hoi dit ra 14 sau it nhat bao
nhiéu bude lap, &) s& hoitu vé f* véi do chinh xac 77? Dé tra 10i cau hoi nay, chung i
dua ra ménh dé sau:

Ménh dé 3.1 Xét bai toan (P), dp dung phwong phdp subgradient véi day lap (1.2) va
cdc gia thiét & Bé de 3.1. Goi N ld s6 budc nhay dé thudt toan c6 dé chinh xdc n, tuc la

f(xX™")—f"<n. Khids
, Re
(7-¢)°
Churng minbh.
T biéu thirc (3.4), ta co mot chan trén caa ) — 7 14

K
R?+) afG?
— = 4

22 o,
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Ta sé cuc tiéu hod biéu thirc nay nhu sau: Xét ham ¢@: R¥, — R cho boi

Kk
R?+) afG?
i=1

ZZk: o,
i1

o(a) = +é&.

Ta thiy ¢(e) 12 ham kha vi, do d6 Vo(a) = {?} , trong d6
a

a(a)zzaiG ;ai—(R +G Zl:aj .
2

Cho Vo(a)=0, suy ra

Kk
R?+G*) af
i=1

ZGZZk:ai
i=1

v6i moi i e{L;2;...;k}. Theo nguyén Ii Fermat thi ¢(cr) dat cuc tiéu khi

ai:

k
R?+G?> af
i=1

_ : .
2GZZ:05i
i=1
Dé don gian, ta dit o, = véi moi i =1,k . Khi do tir (3.4), ta co

- +é&.
best 2ka
2 2 2
Xét ham ¢: R — R cho bdi ¢(x) :w+3, ta co
2k
, -R* G?
a) = +—.
7@ 2ka® 2

Cho ¢'(2)=0, suy ra :i. Theo nguyén Ii Fermat thi ¢(a) dat cuc tiéu khi

Gvk

azi.Khidé

Gk
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RG
¢min (a) - W"'g-

Vé6i N 1a s6 budc nhay dé thuat toan c6 do chinh xac 7, ta co

RG R*G?
——+e<n hay N>—"—. -
JIN (7-¢)
Vay néu ta chon biéu thirc (3.4) lam diéu kién dung ctia thuat toan, thi s6 bude nhay it
22
nhéit c6 thé dé thuat toan c6 do chinh xac 7 1a ﬁ , du cho biéu thuc cuia bude nhay o,
n—e
ta chon 1a gi di ching nita. Hon nita, néu ta muén sé budc nhay cua thuat toan 1a nho nhat
22 )
N = (S_i)z € N thi ¢o6 thé chon bude nhay cua day lap (1.2) c6 dang 1a
. =L= n_g,Vi :ﬁ.

Viéc chon budc nhay «a; = UG 28 voi moi i =1,k giup day ldp cua thuat toan khong bi

phu thudc vao s6 budc nhay N va chin trén R ciia khoang cach giira diém dau va nghiém
t6i wu cua thudt toan. Pay 13 nhimg gia tri thudng ta khong biét trude, trong khi d6 chin trén
G cua lu® Il lai u6c lugng duge trong qua trinh thyc hién thuat toan.

Ngoai ra, tir (3.2), mot chin dudi ciia f* cling c6 thé duoc dung lam diéu kién dirng cta
thuat toan dang xét. Chan dudi dé dugc xac dinh nhu sau

k k
2 (f(x) =t —g) <R+ Y a2 Iu® I
i=1

i=1
k k . k .
S —ZZai(f* +&)<R? +Zai2 hu® )2 —ZZai f(xM)
i1 i—1 i1

=i

voi
k . k -
2> o, f(x")-R*=> a? u® 12
i=1 i=1

k
22 o
i=1

Tu day, ta xac dinh dugc mot chan dudi |, cua f” tai bude thir k . Ddy cac chan dudi

I = —&.

{1} nay khong nhat thiét 1a day ting, do d6 chin dudi tt nhat, ki hidu 1a 1), co thé dugc
chon nhu sau

k
189 = max{l,1,,...,1,}.
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Khi d6, diéu kién dé dirng thuat toan 1a f.%) —1%*) nho hon mot ngudng nio d6. Ta thay

chan dudi |, nay t6t hon chin dudi dugc suy ra tir (3.4)
k
R?+> a’G?
k:].

22 a
i=1
K K

2> o £ -R* > alG?
* > i=1 i=1

k
22 o
i=1

nhung téc d6 hoi tu ctia thuat toan van rat cham. Do d6 phuong phép subgradient thudng
khong c6 diéu kién dimg ¢ dinh nao.

f& <

best +é&

o f

_(C’"

Chung t6i minh hoa phuong phép subgradient duoc dé cap trong bai bio nay thong qua
mét vi du sd. Trude hét, cac bude cua phuong phap subgradient dugc thuc hién nhu trong
Bang 1.

Bang 1: Thuit toan subgradient véi bwée nhay hing sé

Piu vao: Buéc nhdy a, =, s6 budc nhay N .
Khéi tao: Chon diém dau x(M € R™,

Vi moi 0<k <N, ta thuc hién cac budce sau:

C4c buée chinh: 1. Tinh u®. Néu u™ =0 thi x"=x%, ta ding thuat toan;

2. Tim x% P =x — g u®, dat k:=k +1 roi tro lai bude 1.

Thuét toan nay ap dung vao vi du minh hoa nhu sau:
Vi du 3.1 Tim nghiém tdi uu cta bai toan

x+ 2, x> 2
(P)Min f(x) =1 x?, x| <2
2—x, x<-2

s.t. X ER,

bt f(x)=x+2, f,(x)=x% f,(X)=2-x.
Khi do trén R, taco VI (x)=1 Vf,(x)=2x, Vf(x)=-1.
Véi X € (—0;-2) U (=2;2) U (2;+0), ham f kha vinén 0°f (x) ={Vf (X)}.

Tai x=2,taco
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0°f(2) =cof €ER IS = limVf (xx), % > 2,x, € D} = [1; 4],
v6i D 1a tap cac diém kha vi cua f .
Tuong tu, tai x=-2,ta co
0°f(=2)=co{{ ER | &= ll(i_r)zlon(xk),xk - —2,x, € D} = [—4; —-1].

Tom lai, ta co

-1, X< -2
[-4;-1], x=-2
0° f(x) =1 2x, |x|<2.
[L 4], X=2
1, X>2

Tachon x® =3, d6 chinh xac 7 =0,015 va ¢ =0,005. Thong thuong ta chi co thé ude
lugng mot chan di 16n caa | xX® —x"1I, chéng han ta chon R=5. Ngoai ra, ta c6 thé chon
G = max | u® l=4. Khi d6 theo Ménh dé 3.1, ta c6 thé chon budc nhay va s6 budc nhay
cho thuat toan nay lan luot 1a

R%G?

(-2 =4-10°.

o, =1"%-6,2510* va N =

GZ

Két qua thu dugc cho ta thay nghiém t6i wu cua bai toan 1a X" =0 vé6i gia tri toi vu
f"=0. O déay sb budc nhay 1a rat 16n, do d6 tbe d6 hoi tu ctia thuat toan s& rat cham.

Subgradient Method on Nonconvex Function with constant stepsize

61 —_— ) =x?if-2=x<2, x+2ifx>2,2-xifx<-2

@® Subgradient steps

-4 -3 -2 -1 0 1 2 3 <
Final x: 1.97e-321

Final f(x): 0.0

Hinh 1: Minh hoa cho thudt todn subgradient véi buéc nhdy hang so.
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Zoomed View of Convergence

0.005
w— Ax)=x’ x€[~0.05:0.05)
Optimization Path

*  Subgradient steps

0.002 4

0.001 4

0.000 4

-0.001

Final x: 1.97e¢-321
Final #(x): o.0

Hinh 2: Khdo sat sw hdi tu tai lan cdn cia nghiém toi wu

Tiép theo, ta xét thuat toan subgradient v6i budc nhay do dai hang s6. Cu thé tai budc
Y

—" @ voi y > 0. Khi do6 thuat toan sé duoc
u

nhay thir k , biéu thirc cia bude nhay s 1a o, =

tom tat trong Bang 2.

Bang 2: Thuit toan subgradient véi bwée nhay dd dai hiang s6

Piu vao: Nhap 7 va sé budc nhay N .

Khéi tao: Chon diém dau x( € R™,

Vi moi 0<k <N, ta thuc hién cac budce sau:

) 1. Tinh u™®. Néu u™ =0 thi x"=x®, ta dimg thuat toan;
Cac buoc chinh:

(k)

oy dat =kl rdi tro lai budc 1.
u

2. Tim x® =x® _y

Ta lai 4p dung thuét toan subgradient v6i budc nhay nay dé giai bai toan ¢ Vi du 3.1.
Bang cach chon x® =3, =0,01 va s6 budc nhay N =400, ta ciing két ludn dugc nghiém

t6i rru ctia bai toan 1a X™ =0 voi gia tri tbiwu £~ =0.
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