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Tém tit

Trong bai bao nay, chung t6i xét mot bai toan gia tri cudi cho hé phuong trinh song—khuéch tan
phi tuyén c6 dao ham bac khong nguyén theo thoi gian sau day:

Dfu — Au = F(v), Dfv — Av = G(u),

trong d6 A 1a toan tr Laplace, dugc xac dinh trén mién bi chin 2 ¢ R? ¢6 bién du tron, va Df 1a dao
ham béc khong nguyén theo nghia Caputo véibic 1 < @ < 2. V&i nhiing gia thiét thich hop ddi vai cac
ham ngudn phi tuyén, chung t6i chirng minh sy ton tai va duy nhat ciia nghiém cho bai toan trén, dong
thoi chi ra rang bai toan 1a khong chinh theo nghia Hadamard. Cubi ciing, chiing t6i dé xuat mot phuong
phap chinh héa bang chit cut dé x4p xi nghiém ciia bai toan va udc luong sai so gitra nghiém chinh hoa
va nghi€m chinh x4c voéi tdc do hoi tu cép e.

Tir khéa: Phwong trinh khuéch tan bdc khéng nguyén theo thoi gian; nguén phi tuyén; tinh khéng
chinh; bdi todn gid tri cudi; hé khuéch tan bdc khéng nguyén; bai todn ngwoc; chinh héa.

Abstract

In this paper, we consider a final value problem for the following time-fractional diffusion-wave system

Dfu — Au = F(v), Dfv — Av = G (u),

where A denotes the Laplace operator defined on a bounded domain Q in R¢ with sufficiently smooth
boundary and D refers to the Caputo fractional derivative of order 1 < a < 2. Under suitable
assumptions on the nonlinear terms and the solution, we prove the existence and uniqueness of a
solution to the problem. We also show that the final value problem is ill-posed in the sense of
Hadamard. Finally, we propose a truncation regularization method to approximate the solution and
derive an\/error estimate between the regularized solution and the exact solution, with a convergence rate
of order Ve.

Keywords: Time-fractional diffusion equation, nonlinear source term, ill-posedness, final value
problem, fractional diffusion system, backward problem, regularization.
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1. Gi6i thiéu tong quan

Cac phuong trinh dao ham riéng c6 chtra dao ham bac khong nguyén da nhan dugc su
quan tdm dang ké trong nhidu ndm qua nho vai trd quan trong cua chung trong viéc mo ta
cac mo hinh ty nhién, bao gdm cac qua trinh khuéch tan, qua trinh ngau nhién, tai chinh va
thity vin (xem [1]). Cac bai toan thuén, ching han nhu bai toan gia tri ban dau va bai toan
gia tri bién ban ddu cho phwong trinh khuéch tan ¢ chira dao ham bac khong nguyén da
duoc nghién ctru rong rai. Cu thé, Yamamoto [9] d4 nghién ctiru nghiém yéu cho cac bai
toan gia tri bién khong dong nhat lién quan dén phwong trinh khuéch tan co chira dao ham
bac khong nguyén theo thoi gian. Trong [6], Ngoc va cong su da dua ra dang nghi¢ém nhe
cho mét bai todn nguoc ciia phuong trinh khuéch tan c6 chira dao ham bac khong nguyén
theo thdi gian v&i ngudn phi tuyén, dong thdi ching minh sy ton tai va duy nhat cia
nghiém dia phuong cho bai toan vai 0 < a < 1.

Trong [10], Phuong va cac dong tac gia da nghién ctru bai toan gia tri ban dau cho hé
phuong trinh séng—khuéch tan c6 chira dao ham bac khong nguyén ban tuyén tinh theo thoi
gian, dong thoi khao sat tinh lién tuc ctia nghiém theo bac dao ham bac khong nguyén.

Dfu(x,t) + Au(x,t) = F(u,v), (x,t)€Nx(0,T],
Dfv(x,t) + Av(x, t) = G(u,v), (x,t) €N x(0,T],
ulx,t) =0, v(xt)=0, (x,t) €00 x (0,T],
u(x,0) =uy(x), J;u(x,0)=0, x€n,

v(x,0) = vy(x), 0;v(x,0) =0, x€UQ,

V6i 1 < a < 2 va A 1a mot toan tir elliptic déu va dbi xtng.

Tuy nhién, trong céc tinh hudng thyc té, c6 thé xay ra truong hop diéu kién bién, dir
liéu ban dau, hé sb khuéch tan hodc nguén chua duoc biét rd, va khi do ta can phuc hoi
chung tir cac phép do bd sung. Cac bai toan nguoc cho hé phuong trinh ¢6 chira dao ham
bac khong nguyén van con it duge kham pha. Do ban chét phi dia phuong cia cac dao ham
bac khong nguyén, cac bai toan nguoc trong cac md hinh nay dic biét kho khan. Gan day,
trong [11], chung t6i d nghién ctru bai toan gia tri cudi cho hé song—khuéch tan voi hai
toan tir elliptic déu tong quat; két qua cho mot phuwong trinh don duogc trinh bay trong [12].
Trong bai bao nay, chung t6i trinh bay chi tiét, v6i cac ching minh day du, truong hop hai
toan tir cling bang —A, cu thé 1a bai toan gia tri cudi phi tuyén cho hé phuong trinh séng—
khuéch tan c6 chtra dao ham bac khong nguyén theo thoi gian sau day, cung véi cac diéu
kién tuong Ung.

Dfu(x,t) — Au(x,t) = F(x, t,v(x, t)), (x,t) € 2 x(0,T], (1.1a)
Dfv(x,t) — Av(x,t) = G(x, t,u(x, t)), (x,t) N x(0,T], (1.1b)
ulx,t) =0, v(x,t)=0, (x,t) €002 % (0,T], (1.1¢c)
ulx,T) = f(x), 0ulx,T)=f(x), X €N, (1.1d)
v(x,T)=g(x), 0v(x,T)=g(x), x € 0. (1.1e)
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trong d6 mién 2 1a mot tap con bi chin cua khong gian d chiéu R%, véi bién 02 du tron,
va d = 1,2,3 biéu thi sé chiéu khong gian. Cac ham £, g, f, g, F, G duoc gia thiét 1a da
cho va thoa man mot sé didu kién s& duoc néu rd sau. Vi 1 < a < 2, toan tr D 1a
dao ham bac khéng nguyén theo nghia Caputo cip a dbi véi bién thoi gian t € (0,T]
(xem [1, 3]).

1 t 62
Dfu(x,t) = mf (t— s)l‘“ﬁu(x, s)ds, 1<a<?2,
0

va I'(z) ky hiéu cho ham Gamma chuén.

Muc tiéu ctia chiing toi 12 xay dyung dit liéu ban dau tir dit lidu tai thoi diém cudi (f, g)
va (f, g’), tir d6 thu duoc nghiém cia bai toan gia tri cudi. Tuy nhién, trong thuc té, ta
khong thé thu nhan dugc chinh xéc cac di liéu (f, g) va ( £, g~), ma chi ¢6 thé thu duge cac
dit liéu xap xi (¢, g°) va (f¢, g) sao cho

I fE—=f ey I FE=Flley <&
lgé—g ”LZ(_Q) +lgcE—g ||L2(_Q) <g,
trong d6 £ > 0 1a sai s6 cua dit liéu.

Bai bao duoc to chtrc nhu sau. Phan 2 trinh bay mot s6 kién thire chuan bi. Phan 3 xay
dung dang nghiém nhe cua bai toan (1.1a)—(1.1e). Phan 4 ching minh su tdn tai va duy
nhat nghiém. Phan 5 ching minh tinh khong chinh cuia bai toan. Phan 6 d¢ xuat phuong
phap chinh héa chit cut phd va thiét 1ap danh gia sai s6 cAp £/2. Phan 7 1a két lun.

2. Mt s6 kién thirc co ban

Trong phan nay, ching t6i trinh bay lai mot s6 kién thic trong tam duge st dung trong
qua trinh hoan thanh bai béo.

Pinh nghia 1. Gid sir {¢,,}2-, la mét hé day i truc chuan cdc ham riéng img véi
cac tri riéng {A,Yor—. Khi d6, khéong gian Sobolev H}(Q) duwoc dinh nghia nhu sau

Hi(2) = {v €L2(0): ) Al )l < +oo}.
n=1
Vv6i chudn twong g dwoc cho béi
19 150y = ) A (0, B0 1%
n=1
Dinh nghia 2. Ta dinh nghia
H2(2) = {v €LE@): ) B gn)l? < +oo},
n=1
ddy la mot khéng gian Hilbert véi chudn tiong iing dwoc cho béi
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v 20y = Z A5 v, dn)l?.
n=1

Khong gian trong Dinh nghia 2 chinh 1a D(—4) = H2(2) N H}(2), v6i chuan tuong
duong chuidn H?(2) thong thuong; dé gon, trong bai bao ta van ky hiéu nd 1a H2(Q).
Tuong tu, V6i k € N, ta dat H*(Q) = {v € L>(2): Il v ||;[k(m= Yo AR (v, pp)|? < o0}

Pinh nghia 3. V6i 1 < p < o, ta dinh nghia khéng gian 1P (0, T; H2(2)) nhu sau:

1P(0,T; H2(2)) = { v:[0,T] > H2(Q), v 1a ham do duoc va
T
fo 1v(t) 1}z, dt < o},

V6i chudn tiwong g diege cho béi
T
— p 1
Il v IIL,,(O’T;HZ(Q))— (fo Iv(®) Ngz(qy dt) /P < 400

Khi d@6 1P (0, T; H2(2)) la mot khong gian Banach.

DPinh nghia 4. Khi v: (0,T) » L2(Q) vap = oo, ta dinh nghia
L*(0,T;L2(2)) = { v:(0,T) - L?(2) sao cho v 1a ham do dugc

vaesssup Il v(t) Iz < o},
te(0,T)

vOi chuan twong ung

te(0,T)

Pinh nghia 5. Véi so thuc 1< a <2 cho trude, ta dinh nghia khéong gian
C“(O, T; HZ(.Q)) nhur sau

c*(0,T; H2(R)) = {v € C(0,T;H?(2)): sup t* Il v(t) lyz(py< oo},
te[o,T]

voi chudan twong ung

— 2a 2
c¥(omnz(2) t:gfﬂt Io(6) lyzg) < -

Khi d¢, khong gian giao V**(0,T;2) = C*(0,T; H*(2)) n L*(0,T; L>(2)) ciing 1a
mot khong gian Banach, voi chuan duogc xac dinh boi

2 _ 2 2

I llyae o0y =l v ”C“(O,T;HZ(.Q)) tlv ”L°°(0,T;L2(n))'

Pinh nghia 6. Ham Mittag-Leffler tong quat dwoc dinh nghia béi

F=5 5 see
ay (%) & I'(ak +y) x
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Vi cdc dieu kién a > 0,y > 0 va E,, (x) 1a mgt ham nguyén theo bién x € C.

Nhin xét 7. Khong gian tich W**(0,T; 2) = V&*(0,T; 2) X V**(0,T; 2) ciing la
mot khong gian Banach, voi chudn dwoc xdc dinh béi

2 2 2
” w ”W%"O(O’T;_Q):” u ”Wa.w(o”r;ﬂ) +" % ”Wll.oo(o"["-ﬂ);

trong dow = (u,v) € W*»*(0,T; ).

B6 dé 1. (xem [1, 4]) Gidgsir1 < a < 2, % < p < ma vay lamétsé thuc bat kp. Khi
doé, ton tai mét hang sé dirong C = C(a,y, 1) sao cho

|Ea,y(x)| < Tlxl. u < larg(x)| < m.

Bo dé 2. (xem [1, 8]) Gid sir 1 < a < 2. Khi dé:
(i) Véi méi y € {1,2,a, @ — 1}, tén tai hang sé M > 0 (chon chung cho ban gia tri cia

y) 50 cho |E,, (=2)| < —— véi moi z = 0; ngodi ra |E o (=2)| < T

vdi moi z = 0.

(i) Pat D(z) = EZ1(—2) + zE4 5 (—2)Ey o (—2). Khi d6

_ 1
A7 0@ = - A=

. Ea 1(_2)

lim ————=—(a—-1DI'l—a) >0.

Z—+ ZD(Z)

r oA . h m
Do do ton tai Ly > 0 vam > 0sao cho |D(z)| = ¥

Vol moi z > L.

Chirng minh.
Phan (i) suy ra tir B6 dé 1 va khai trién tiém cén

N (_1)k+lz—k “N-1 A )
Ea,g(—Z) = kzlm + O(Z ) khiz » 4o (Xem [1]),

V6i B = a, s6 hang tng véi k = 1 bang 0 nén E, ,(—2z) = 0(z72).

A 5 -1 -1
Phan (ii) suy ra to cung khai trien d6: E,(—2z) ~ﬁ, E,,(—2) ~®,

72

r(-a)

Eqa(=2) ~ — va dang thuc I'2 — a)[(—a) = ==I'*(1 - ).

B6 dé 3. (xem [1, 7]) Cho 1 < a; < a, < 2, a € [ay; a,] VA A,, > 0. Khi do, cdc
ddang thirc sau day dwoc théa man
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0
aEa,l(_/lnta) Z_Anta_lEa,a(_/lnta);
0
a(tEa,z(_Anta)) = a,l(_/lnta):
0
a(ta_lEa,a(_Anta)) :ta_ZEa,a—l(_)lnta)l

voi moi t > 0.

Nhan xét rang toan tir —A co diy gia tri riéng khong giam va duong twong tmg 1a
{An}m=1 théa man
o<, <,
va lim A,, = oo. Ky hiéu {¢,}_, trong H2(2) N H3(2) l1a cac day ham riéng truc chuan
n—-oo

cia toan tr —A trong khong gian H2(2) N H(R). Cu thé —A¢p,(x) = A,¢,(x) va
¢, (x) = 0, v6i x € 2. Hon nira, voi moi v € H2(2) N H3(12), ta c6 khai trién

—Av() = ) A (v, Bu)pa (),

trong do6 (-,-) 1a tich vo huéng chuan trong khdng gian L2(£2) (xem [2]).

bit A, = {T > 0: D(1,T%) = 0 véi it nhat mot n € N*}. Trong toan bo bai bao, ta
giast T & Ay Vi A, — oo nén chi ¢ hitu han chi s6 n voi 1,T* < Ly; két hop véi Bo dé
2(ii), sau khi giam m (néu can), ta co

m
DA, TH| =2 vn € N*.
| (An )l - (1 + AnTa)Z’ n (2.1)

3. Nghiém nhe ciia bai toan gia tri cudi cho (1.1a)-(1.1e)

Trong phan nay, ching tdi tim dang nghiém nhe cua bai toan (1.1a)-(1.1e). Gia sir bai
toan (1.1a)-(1.1e) cé mot nghiém w = (u, v) c6 dang

w0 = ) un 00, V(68 = D v (a0,

trong d6 u, (t) = (u(-,t), ¢n) Va v, (t) = (v(-, t), Py,). Ta cb thé bién dbi cac phuong trinh
trong bai toan (1.1a)-(1.1b) thanh

{Df‘ un () + Aun (t) = F(W)(©), t € (0,T),

D&v, (£) + Ay (0) = G, (w)(t), t € (0,T), (3.2)

trong d6 F,(v)(®) = (F(-, t,v(, 1)), ¢n) VA G, (W) () = (G (-, t,u(:, 1)), Pn)-
Lay bién ddi Laplace cia phuong trinh (3.1), ta co:
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+/1n£{un(t)} = L{Fn(v) (t)}'
sE LR ()} — s* 1, (0) — s*72,(0)
+,L{vy (t)} = L{Gn(u) (t)}

Thuc hién bién d6i Laplace nguoc, khi d6 nghiém cua bai toan (3.1) 1a

SaL{un(t)} - Sa_lun(o) - Sa_zu;‘z (O)
{ 3.2)

o)

u(x,t) = Z[Ea,l(_lnta)un(o) + tEa,z (_Anta)u%(o)

n=1

n j (t = )7 By o (—An(t — ) Eu(0)(5) ds]bn (),
0 (3.3)

VD = ) [Ean(—Anta(0) + tEep (~Ant ) (0)

n=1

t
t j (t = )% By o (—An(t — )G (1) (s) ds]n (0).
0

Tir cac gia thiét (1.1d), (1.1e) va B6 dé 3, ta co

(0]

u(%,0 = ) [Pan(Ofs + ()i

n=1

+ f (= )5 By (= At = YO Es(0)(5) ds
: (3.4)

T
- f Py ()T — )% Ey o (—2n(T — $)¥)Ey(v)(s) ds
0
T
- f Qun O = ) 2Ey oy (~An(T — $)%)
0
X F,(v)(s) ds] ¢, (x),

V() = ) [Pan(0gn() + Qan(OGn(¥)

n=1

+ f (6= )5 By (= At = )G ()(5) s
0

. (3.5)
_ f Pan (T — )T 1Ey o (—An(T — $))Gn(W)(s) ds
0

T
- f Qun (O = )7 2E, o1 (—An(T — $))
0
X G (5) s (0).

Bay gio, véimoi v € L2(2)va 0 <t < T, ta dat
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P, (t)v = Z PA,n (t)vnqbn; voi
n=1

(3.6)
PA,n(t) = m [Ea,l(_/lnta)Ea,l(_/lnTa)
+/1ntTa_1Ea,2(_Anta)Ea,a(_/lnTa)];
Qa (v = Z QA,n (t)vnd)n: voi
e (3.7)
QA,n(t) = W [_Ea,l(_Anta)TEa,Z(_AnTa)
+Eoc,1(_/1nTa)tEa,2 (_Anta)]f
Ry(t)v = Eqa (=2t v b, (3.8)
ﬁA (t)v = Z Ea,a—l (_Anta)vnd)n- (3-9)
n=1

trong d6 D(+) dugc xac dinh trong B6 dé 2(ii); mau sb cua Q an(t) trong (3.7) ciing chinh
la D(A,TY).

Khi d6, hé phuong trinh (3.4) va (3.5) ¢6 thé duoc viét lai dudi dang
u(x, t) = Py(O)f (x) + Qa(O)f (x)
t
+J (t — ) TR4(t — s)F(v)(s) ds
0

T
- [ -9 @R - DF @I ds (3.10)
0
T
- f (T — )% Qu(OR,(T — $)F(W)(s) ds,
0
va
26 t) = B (D900 + QDI
+ f (t —s)* 1R,(t —s)G(w)(s)ds
0
(3.12)

_ f (T = )% B, (OR,(T — $)G () (s) ds
0
B f (T — $5)* 2 Qu(®)R4(T — s)G(w)(s) ds.

Bay gio, tagoi w = (u,v) € W**(0,T; 2) véi 1 < a < 2 la nghiém nhe cta bai toan
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(1.1a)—(1.1e) néu nd théa man hé phuong trinh (3.10) va (3.11).
4. Sy ton tai va duy nhit ciia nghiém cho bai toan (1.1a)—(1.1e)
Trong bai b4o nay, ching t6i ¢ dinh mét sé p > ﬁ va gia thiét rang cac ham F, G
thoa man cac gia thiét sau
1. (Hi) Vé6i moi w = (u,v) € W®(0,T; 2), cac ham ngudn F(v) va G(u) thude
khong gian L7 (0, T; H2(12)).
2. (H:a) Ton tai cac ham khong am KF, K¢ trong khdng gian L7 (0, T; R) sao cho véi
moi (uy; vy), (uy; vy) trong W (0,T; 2) tacod
I F(v)(,t) — F(v)(,t) ||H2(.(2) < KF(t) Il v, —v, ||W'°°(0,T;rz):
Il G(uy)(,t) — G(ux)(,t) ”HZ(.Q) < K¢ ® luy —u, lyeee(o,7;0)-

3. (H:b) Ton tai hing sé6 dwong C>0 sao cho véi moi w = (u;v) thudc
We* (0, T; 2)

I FCE) yzey < C(1HIV lyaseooray),
IGAG D) lyzgy < C(1+1 u llyacoor.a))-
Vi du. Cho keL®(0,T). Pit F(v)(x,t) = k(®sin(ll v(,t) ll2¢p))p1(x) va
G (x, t) = k(©Osin(ll uC;, t) lzeay)P1 (). Vill 1 llyzpy= 24
va |sina — sinb| < |a — b|, cac gia thiét (H:)—(H:b) dugc théa man véi KF = K¢ = A, |k|
Va C =2y Il k llogor-
Tiép theo, ta c6 BO dé sau trinh bay tinh bi chin cia cac biéu thirc (3.6)—(3.9) trén
khong gian phu hop.

Bo dé 4. Gia sir T & A, cac hang sé M, m dwoc xdc dinh nhw trong Bé dé 2 va (2.1).
Pt

ﬁ—ZEmZ M —ZR(T“+1> M —2Tﬁ<T“+1)
- m ) 1 — /11 ) 2 = /11 '
Ta ¢é cdc bat dang thirc sau
Il PA(D)v lyace o< Py Il v lz(0), (4.1)
Il Qa(O)v lyacoomm< M, Il v 120, (4.2)
I RV 5200y < T2 1 v 52 g, (4.3)
I R4 (v Ifz(qy< T2 1 v 2y, (4.4)

Véi v thuée H?(2).
Chitng minh. Dit z,, = A,,T*. Tur (3.6), B6 dé 2(i) va (2.1), véimoi 0 < t < T ta cd
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(1+2z)? M m
1+ 2,t% 1+ 2z,
m m
1+ ,t% (1+ zn)z]
M2 1+ 2z, - 1+2,T*

|PA,n(t)| <

+A,tTe L

Tm 14 At T 14 A,
Tuong tu, tur (3.7),
A+z)2f M TM £ m
QD] < n [ _. + _.
m 1+ A,t% 142z, 1+A,t* 1+2z,
1+ 4,T¢

<TR —.
T 14 At

1+A,TY _ TY

YT BT theo déng thirc Parseval ta
n

Vi

142, TY @ (i a) s
e <1+4,T*< 2, T +T%) va

duoc

1
1ROV ey < K (5 +T) 10 i,
1
t I AV lgzcgy < KT N v gz g

Do d6 Il P,()v llyasgrn< K (ZT“ + 1—11) I g2y S My Nl v ly2gn), tac 12 (4.2).

Lap luan hoan toan tuong tu voi hé sb TS thay cho K cho ta (4.2). Cudi cung, theo B dé
2(i), |Eq,a(—2nt®)| < M VA |Eq g1 (—2,t%)| < M, nén

2
I Rg (D) 2= ZIEa,a(—Ant“)l lvpl? < D211 v 2 q),

n=1

va tuong tu cho R, (t). Vay (4.3), (4.4) duoc ching minh.

Bay gid, chung ta nhic lai rang phép nhiing Sobolev H2(2) & L?(2) din dén viéc ton
tai mot hing s6 duong Cy > 0530 cho IVl 2(g) < Collvllgz(gy, Vv € H?(2).

v llp2y=< Cao Il v lly2(q)y,
voi moi v € H2(0).

Bb dé 5. Cho (f; ) € H2(12) x H2(2), (f; §) € H2(2) X H2(Q2), p > —, M dupc
xac dinh nhu trong Bé6 dé 2, va cac hdng s0 My, M, nhu trong Bédée 4, v6i T ¢ Ay, ta dat

pP— 1 1_1 a_l
ED?g = 351)?[ ( ) pT p(Ta + Cﬂ + g.Rl)
pa—1
b— 1 1—1 0{—1—1
+IN (— pT p]_
ey 7

Khi d6, cac bat ding thirc sau dwoc théa mén
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Iw lwasor.ay< My (I F lizgay +1 g Nigzay)
+0, (1l £ lzcay +1 G Niizgay) (4.5)

+9:R3 (” F(v) ”Lp(O,T;HZ(.Q)) +i G(u) "Lp(O,T;HZ(ﬂ))>'

voi w = (u, v) la mét nghiém cia bai todan (1.1a)—(1.1e).

Chirng minh. Ap dung B6 dé 4 va gia thiét (H,), ta c6 thé sir dung bat dang thirc
Holder nhu sau

! f (t — ) Ry (¢ — )F(W)(5) ds ey
0

< f (t =) I Ryt = FW) (-, 5) llygz(g) ds
0

S [ (=9I FOE) e ds (46)
<21th (t —s)P- P g fIIF(v)( $) gy @ ]%
sgnz(ppa— ) BT | F(v) oo rr2 )

Khi do,

|f (t —s)* 1R, (¢ — s)F(v)(s)ds” W S <M (ppw__ll)l_E Ta_%IIF(v)IILp(O’T;Hz(m).

va
t
a-—1
Il jo (t—-s) Ry(t —s)F(v)(s) ds "ca(o,T;HZ(Q))

4,11
P 52 Fw) |

<M loms)

Do d6, ta cod

l f (t — ) Ry (t — HF(0)(5) ds 200
0

<c, I j (t = )% Ry(t — $)F@)(5) ds sz
0

P — 1 1_1 a_l
< MC PT " P || F
< MEp () I F(o) |

Lp(O,T;HZ(.Q))'

NS gt
Vi |f ¢ = )" Ry(t = HF@)()ds]|, ) < MC, () °r PIF oo 72 0r)
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! fo (= 9)% Ryt = IFW)S)dS (g pyzco

1 1
1— a3
_ 1) pT" P || F(v) ||Lp(o,T,-H2(!2))'

p
< MC,
e
Do d6, bang cach sir dung cac udc lugng trong (4.6), ta thiy rang

[ f (t —s)* IR4(t — s)F(v)(s) ds llye.oo,r;0)
0

t
=| .[; (t =)' Ry(t —s)F(v)(s)ds ”C“(O,T;HZ(.Q))

t
+1 f (t —s)* 1R, (t —s)F(v)(s) ds ||L°o(0'T;L2 @) (4.7)
0
<Ly BB (e 4 ) 1 F
< (pa — 1) (T*+Cy) Il F(v) ||Lp(O,T;H2(Q))
1
< §EUE3 ” F(v) ||Lp(0'T;H2m)).

Tuong tu, nhu trong (4.7), ta ciing thdy rang

t
l f (t = )% Ry(t — )G (S) ds lyes=(omny
0 (4.8)

1
S§9ﬁ3 I GQ)

Lp(O,T;HZ(.Q))'

Tiép theo, chiing t6i tién hanh danh gi4 cac bat dang thirc
T
I [ = D B@R (T = IFWIE) ds lyemqoray
0
T
< [ =9 NIRRT = IFWIC) Iyemior ds
0
T
< imimlf (T — )% 1| F(v)(s) lInz(q) ds

<5Utim1f (T = 5)p=1D gg* > (4.9)

1

f IF@)Cs) qu(m sl

< imiml
pa—

_5 | F(v) ”LP(O,T;HZ(.Q))
1
<M NF@) I

Lp(O,T;HZ(Q))'

Tuong tu, nhu trong (4.9), ta thu dugc
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T
I f (T = $)% 1 By (DR, (T — )G (w)(5) ds llyass(oma)
0

. (4.10)
< 5%3 " G(u) “LP(O,T;HZ(.Q))'
Ta cling co
T
I [ = 92 QuORAT = IF ) ds yesmioria
0
T
< imimzf (T —s)*2 || Flv)(s) Igz(q) ds
0 (4.11)

b— 1 1-% a-1

1
m) pT p " F(U) ”

1
< §Em3 I F(v)

< W, ( Lp(O,T;Hz(Q))

L (o1;H2(0) )’
_n-P_
trong d tich phan [ (T — )71 ds hoi tu vi p > — keéo theo (a — 2) = > —1.
Do (4.11), ta ciing thay rang

T
! f (T = )52 Q(ORL(T — )G () ds llyas(oro
0

1 (4.12)
< §9ﬁ3 Il G(w) ”Lp(o,T;HZ(!Z))'
Tir (310)-(312), (47)(4.12) va BO dé 4, ta o6
lu llyasegor,m < My Il f lyzea)+ Dz I £ 2o
+03 | F(v) lip(omm2ca)) (4.13)

Il v llyewro< My I g lgzoy+ Mo | § gz

+§Ut3 ” G(u) ”LP(O,T,‘HZ(-Q)).

Cuoi cung, ta thu dugc cac udc luong sau
I w llwaeo,ra)=ll u llvase(or,0) IV llyaecor;0)

<M (Il f lzeay H g luzeay) + T F lgzgay 1 G lizeo))

e (FOY YRS F O B—
Do d6, bat ding thire (4.5) da duoc chirng minh.
Pinh 1i 8. Cho (f;g) € H2() x H2(), (f;d) € H2(Q) X H2(Q) cdc diéu kién
(H,), (Hyp) va (Hyp) thod man
1

max{ll K¥ llLoorry; | K€ Nipormy} < IR (4.14)
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1
< T

Khi dé, bai todn (1.1a)—(1.1€) c6 mét nghiém duy nhat w = (u, v) € W**(0,T; 22).
Hon nita, ton tai mét hang sé dwong M, > 0 sao cho

C

I w ”w“'°°(0,T;.Q)S %4(" f ”HZ(_Q) +lI g ||H2(.Q)
+H g llgzgay +1 F lyzeay)-

Chirng minh. Trudc tién, tir (4.14), ta chon

(4.15)

1
R:= W[ﬁﬂn(u f w2y +1 g lze)
+30, (Il § llgzcay +1I F lgzqgy) + M3CTHP],

trong d6, chiing ta nhic lai rang cac hang s M, M,, M5 dugc xac dinh trong B dé
4 vaBo dé 5. Ta dit

Br :={w € W**(0,T; 2): Il w llwawoorn< R} € W**(0,T; 2),
va dinh nghia anh xa todn tir S: By » W**(0,T; ) boi
Sw : = (Su; Sv),

trong do
t

SuCx, £) : = By (O)f () + Qu(OF () + f (t — )% 1 R, (t — $)F(w)(s) ds
0
T
- f (T — )T By (DR, (T — $)F(v)(s) ds
0

T
- f (T — )72 QuO)RA(T — $)F(v)(s) ds,
0

t

Sv(x,t) : =Py (6)g(x) + Qa(0)g(x) + f (t =) TRyt = )GW(s) ds
0

T
- f (T — )™ B, (OR4(T — $)G(w)(s) ds
0

T
- f (T — )72 QuORA(T — $)G(w)(s) ds,
0

véi (x,t) € 2 x (0,T) vaw € W**(0,T; 2). Trudc tién, ching toi chang minh ring anh
Xa S 4nh xa tir B vao chinh né. Tir gia thiét ting truong (Hy,), ta luu ¥ ring
IFWGD lizy < C(AHI v llyasora)),

(4.16)
GO N2y < C(1HN U llyawor,n)),

véi moi t € (0,T). Vi KF, K¢ thudc khong gian LP (0, T; R) theo gia thiét (H,,), nén ta suy
rarang F(v) va G (u) thuoe IP(0, T; H2()), va
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1

T
I F(v) (o) = | fo IF@) () gy dsIP

< CTYP(1+1 v llyaso(or,a)),

(4.17)

1

G oo a2 )= fIIG(u)( $) gy ds1?

< CTYP (141 u llyaso (o ri) )-

(4.18)

Ta ¢ (f;g) € H2(2) x H2(2) va (f;g) € H2(2) x H2(2). Do do, ta co thé ap
dung B6 dé 5, cu thé 1a

I Sw llwesoora)S Ma(ll f lyzcay +11 g Nizay)
+3, (1 G ey +1 £ 2oy

+; (u FQ@) Iyp(omm2(y) T G@W) IILp(o,T;Hm))

< M0 f llzeay H g lazeoy) + M (Il G g2y +H1 f lkzcay)
+MCTYP (141 W llweo o) ),

véi moi w € Bg. Vi |[w|W*® < R, tacd

I Sw ”W“"”(O,T;.Q)S Em1(” f ”HZ(Q) +l g "HZ(_Q))
+, (Il § Nlyzqgy +11 f lyzay) + MaCTHYP(1 4 R).

Do 46, ISwllyawor.q) < R tac 13, S 4nh xa qua cau By vao chinh nd. Tiép theo,
chung toi s& chitng minh rang S 13 mot anh xa co. Véi wy = (uy, v1) va w, = (uy, 1)
thudc Bg, ta co

t
Su; (x,t) — Su,(x,t) = J (t = )*F Ru(t = )[F (vy)(s) — F(v2)(s)] ds
0
T
- f (T = $)* L Ra(OR(T — )[F (1) (s) — F(w2)(s)] ds
0

T
- f (T = 5)*2Qa(O)R4(T — $)[F(v1)(s) — F(v)(s)] ds
0
vataco

Sv(x, t) — Svy(x, t) = Jt(t = $)* T RA(t = ) [G(uy)(s) — G(uz)(s)] ds
0
T
- f (T = $)*  Pa(ORA(T — )G (uy) (s) — G (uz)(s)] ds
0

T
- f (T = )2 Qa(OORA(T = )G (uy)(s) — G(uz)(s)] ds
0

Tuong tu nhu cach 1ap luan trong (4.17) va (4.18), ta thiy ring
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| F(vy) — F(vp) Il "2
L (oT;H2(2)) (4.19)
<Il KF ”LP(O,T;]R{) Il vy — v, ”W“”(O,T;ﬂ)r
LP(O,T,H (n)) (4.20)
<Il K¢ ”LP(O,T;IR{)” Uy — Uy "W“'°°(0,T;!2)-
Do d6, tir cac bat dang thuc (4.7), (4.9), (4.11), (4.19) va (4.20), ta suy ra rang

I Suy — Suy llyao(or;a)

<l f (t = $)* T Ryt = )[F (1) — F(v)](s) ds llyae (o 1,0
0

+1 f (T — )% By(OR,(T — 5)

0

X [F(v1) — F(v2)](s) ds llye=(or,0) (4.21)
+1 f (T — )72 Qu(OR,(T — 5)

0

X [F(vy) — F(v2)](s) ds llyaeo(ora)
S EIR3 ” F(Ul) - F(vz) "Lp(O,T,'HZ(.Q))
< M3 | KF llpeormyll v1 — v2 llyaooro),
trong do, ching t61 da st dung 1ap ludn tuong ty nhu trong (4.17) va (4.21). Tuong tu, ta
cling thu dugc udc luong sau
I Sv; = Sv; llyaw(or,0)

4.22
< M3 I K Nipgormyll g — uy llyaseor;o). (4.22)

Két hop cac bat dang thirc (4.21) va (4.22) cho ta
I Swy — Swy llwae(o1;0)
=l Suy = Suy llyaw(or,0) + Sv1 = Sv; llyae(or;0)
< M3 (Il KF e ormyll vi — v llyasoo )
+ll K¢ ”Lp(O,T;]R)” U — Uy ”W“'°°(0,T;.Q))-

Diéu nay, clng véi gia thiét (4.14), dam bao rang S 1a mot anh xa co trén Bg. Do do,
bai toan (1.1a)-(1.1e) c6 nghiém duy nhit trong Bp.

5. Tinh khong chinh cua bai toan (1.1a)-(1.1e)

Trong muc nay, ching téi chi ra rang bai toan (1.1a)—(1.1e) khéng chinh theo nghia
Hadamard: nghiém tai thoi diémt =0 khong phu thudc lién tuc vao dir li¢u cudi trong
chuan L2(2). Vi céc gia thiét (Hi)—(H:b) duoc théa man véi F = G = 0, ta chi can chi ra
diéu nay trong truong hop do.

Ménh dé 9. Gid sir T@& A, va F=G =0. Khi dé ton tai day dir liéu cudi
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(f("),f("), g("),g(")) VoI nghiém tuwong ung w = (u(n), v(")) sao cho

£ N2y 1 F™ N2y g™ llzggy +11 G ligzgy— 0,

(5.1)
1 u(,0) iz~ 40 (n—> ).

Chimg minh. Chon f™ = 2."%¢, va f® = g = g™ = 0. Khi F =G =0, tr
(3.10)(3.11) ta c6 v™ = 0 va u®™ (x,t) = 2, /*Py 0 ()P (x). Vi E,1(0) = 1, tir (3.6)

Eq, (=zp) .
ta dugc Py, (0) = Dl(—Zn) v6i z, = A, TC.
Theo Bé dé 2(ii), %{ZZ’S) —~ —(@a—1DI(1—a) >0, nén tdn tai ¢, > 0 Va 1y € N

5a0 cho |Py,(0)| = coA,T* véi moi n = ny. Suy ra
™ N2y =242 >0,

i (5.2)
1u™C,0) iz = An 7 2Pan(0)] = coT44/% - +oo.

Vay bai toan (1.1a)—(1.1e) 1a bai toan khong chinh theo nghia Hadamard trong chuan
L2 (0).
Nhdn xét. Vi t € (0,T] c6 dinh, theo chimg minh B6 d€ 4 ta ¢ [Py, ()| < KT*/t*
VA [Qun(D)| < TRT*/t%, nén trong truong hop tuyén tinh, anh xa tir dit lieu cudi toi
u(-,t) bi chan trén L?(2). Tinh khéng chinh chi xuat hién tai t = 0 va & muc nhe (hé sb
khuéch dai cap A,,). Didu nay cho phép dat téc d6 hoi tu cap Holder trong Muc 6.
6. Chinh héa va danh gia sai sé ciia nghiém bai toan (1.1a)-(1.1e)
Trong muc nay, gia sir dit liéu cudi chinh xac thoa man f, £, g, § € H*() va dir lidu
do f¢,f¢, g%, ¢ € L*(2) thoa min
I fE—f Nz I FE—Fllzy <e
Il g% =gz 1 G5 =gz <e

Véi tham s6 chinh héa N, > 0, dat R(e,A,) = 1 néu A, < N, va R(g, 1,,) = 0 néu
An > Ng. Ta dinh nghia cac toan tir chat cut

(6.1)

PEOY = ) R (A Pan(Ovncbr,
nt (6.2)

Qv

PRICYSIINOIES
n=1

Nghiém chinh hoa wé = (ué, v¥) duoc xac dinh bdi hé
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uf(t) = Pf () + Qa(0)f*
+ f (t —s)* TR4(t — S)F(v¥)(s) ds
0

- f (T — ) 1P, ()R4(T — s)F(v¥)(s) ds (63)
0

T
- f (T — $)%2 Q(OR,(T — $)F (v¥)(s) ds,
0

va v¢ dugc xac dinh tuong tu voi g€, g€ va G (u®) (ky hiéu la (6.4)). Nhu vay, nhan tr chat
cut tac dong 1én ca hai sd hang chira dir liéu do.
Bo dé 10. Vi moi e € L2(2) va h € H*(), ta co
I Bf (e llyaeoray < K(1+2TN,) Nl e llyzen),

6.5
I Qa(e llyaeorey < TR+ 2T*Ny) Il e llp2(q), 69
MmN
I (B = BDOR lyessoray < = IR sy
y (6.6)

M
I (Qs — QDA llyaoor.gy < TZ I R llgpsq)-

&
Churng minh.

Theo chimg minh B6 dé 4, |Py,(t)| < K(1 4 4,T%) VA t%4,|Py,(O)| < KT %A,,. Khi
A, < N, hai dai luong nay lan lugt khong vuot qua K(1 + T*N,) va KTYN,; theo dang
thire Parseval ta dugc bat dang thirc thir nhat cua (6.5). Bat dang thac thir hai tuong tu, V6
hé s6 TK.

Dé ching minh (6.6), ta ap dung (4.1), (4.2) cho ham
h—Rh:= z (1= R 1) hnhr

n

va luu y rang Il h — Rh 12y = S, s, A 1hnl? < N2 LR ey

Pinh Ii 11. Gia si céc gia thiét cia Pinh li 8 dwoc théa man, f,f,g,G € H*(2) va
(6.1) dung.

Datk = maX{II KF ”Lp(O,T;]R)f Il K¢ "LP(O,T;]R)}
va 0 = D (Il £ llspacgy 1 g lspagay) + Ma(ll f llggacay +11 G lggacey). Khi d6, véi moi
£ >0, hé (6.3)—(6.4) c6 nghiém duy nhat wé € W**(0,T; 2) va
21+ T)K(1 + 2T*N.) e + N7 1O

1 - EIR:SK '

I wé —w llwaern< (6.7)
Churng minh.
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Su ton tai va duy nhét ciia wé duoc chimg minh nhu Pinh i 8, trong d6 s hang
My (I f gz +1 g lygz) + D0 F gz +1 G ly2)

dugc thay boi K(1+ 2T*N)(Il £ 2 +11 g5 N2+ T I £ N2+ T Il € ll,z) nhd (6.5);
hang s6 co van 1a M3k < 1. Trur (3.10) cho (6.3), ta co
uf(t) —u(®) = PO - +QMW(F-f)
—(B, =P f — (Qa — QD ®F +1(1),
trong d6 I(t) 1a tong ba tich phan chta F(v®) — F(v). Theo (4.7), (4.9), (4.11) va (Hza), |l
I llyaeoorp< M3 Il KF e o)l V& — v llyae(o,r.0)- Két hop voi (6.1), (6.5), (6.6) ta
duoc
I uf — u llyaeoorpy< (1 + T)R(L + 2T*N,)e
+NZH (D 1 F Nggacay+ Do I F llyaqy) (6.8)
+Wizk 1l v&8 — v llyao(g1.0)-

Dbanh gia tuong tu cho || v& — v llyeeg1.0) (6.9). Cong (6.8) va (6.9), dat S =|| u® —
u ”V“‘OO(O,T;.Q) +” Us — U ||V06.°°(0,T;_(2), ta Cé S S 2(1 + T)g(l + ZTaNE)S + N;l@ +
”3’{5. Vi EIR?)K < %VE\I ” W“E - W ”Wa‘w(O,T;.Q)S S, ta Suy ra (67)

ChGy 12. Chon N, = Y2 Khi d6, v6i 0 < € < 1, tir (6.7) ta c6

2(1+ T)K(1 + 2T%) + 6
1 -3k ¢

| wé —w ”w“'w(o,'r;g)g 1/2. (610)

1/2

Nhu vay, nghiém chinh héa hgi tu vée nghiém chinh xdc voi téc dé cd'p £ (ccfp

Holder), 16t hon cd'p logarit nhan dwoc khi chon nguong chat cut Ny = 1 + In i
7. Két luin

Trong bai bao nay, ching t6i da nghién cliru mot bai toan gid tri cudi phi tuyén cho hé
phuong trinh séng—khuéch tan bac khong nguyén theo thoi gian trong méi trudng dan hoi
nhét. Do ban chit khong chinh cta cac bai toan nguoc, chiing t6i da phat trién mot phuong
phép chinh hoa béng bd loc, dua trén k¥ thuat chat cut phé.

Cu thé, chiing t6i dd ching minh sy t6n tai va tinh duy nhat ctua nghiém dudi nhitng
diéu kién thich hop, dong thoi dua ra danh gid sai sd tién nghiém giita nghiém chinh héa va
nghiém chinh xac, v6i toc do hoi tu cip e. Trong thoi gian t6i, chung t6i du kién nghién
ctru bai toan vé6i dir liéu nhidu ngiu nhién va thuc hién cac thi nghiém sé minh hoa.
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