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Abstract

In this note, we establish sufficient conditions under which the union of a totally real graph of a function
in two variables and its tangent spaces is locally polynomially convex at the origin in C3. Furthermore,
several examples are provided to demonstrate that the conditions we impose are both necessary and
reasonable.
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Tém tat

Trong bai bao nay, chung tdi thiét 1ap cac diéu kién du dé hop cua mot d6 thi hoan toan thuc ciia mot
ham hai bién va cac khong gian tiép xuc ciia n6 1a 16i da thirc dia phuong tai gdc trong C3. Hon nifa,
chung toi dwa ra mot s6 vi du nham minh hoa ring cac didu kién dugc dit ra 1a can thiét va hop 1y.

Tir khéa: tinh 16i da thirc; hoan toan thuc; bé d@é Kallin.

1. Introduction

Let K be a compact subset of C*. We say that K is polynomially convex if K = K,
where K denotes the polynomially convex hull of K, that is,

K={zeC"|p(2)| <lpllg forevery holomorphic polynomial p on C"}.

A compact set K is said to be locally polynomially convex at a point a € K if there
exists a closed ball B(a) centered at a such that B(a) N K is polynomially convex. The
study of polynomial convexity is largely motivated by the celebrated Oka—Weil
approximation theorem (see [1], p. 36), which asserts that every function holomorphic in a
neighborhood of a compact polynomially convex set in C"* can be uniformly approximated
by polynomials in C™. In one complex variable, a compact set K c C is polynomially
convex if and only if its complement C \ K is connected. In higher dimensions, however,
no such simple topological characterization exists, and determining whether a given
compact set is polynomially convex is often a difficult task. By a classical theorem of
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Wermer ([18]; see also [1], Theorem 17.1), every totally real manifold is locally
polynomially convex. Recall that a ¢1-smooth real manifold M is called totally real at a
point p € M if its real tangent space T, M contains no complex line. When the manifold in
question is the union of two real planes, a complete characterization was provided by
Weinstock. The present paper is devoted to the local polynomial convexity at the origin for
a special class of sets in C3: the union of two totally real 3-dimensional submanifolds X,
and X, that share the same tangent space at the origin. Our main result is strongly inspired
by several previous studies on analogous situations in C2?, which were motivated by
questions of local approximation and carried out by De Paepe and Nguyen Quang Dieu.
More precisely, we describe the following setup:

X1 ={(21,22,71 +73)}
and

X, = {(21,2212_1 +2z;, + <P(Z1,Zz))}'
where ¢(z;,z,) is of class C! in a neighborhood of (0,0) in C? and ¢(z,2,) =

0(«/|21|2 + |22|2). It is easy to see that X; and X, are totally real at (0,0,0). By the

Wermer—Hormander theorem, they are locally polynomially convex at (0,0,0). Our goal is
to find a class of functions ¢ such that X; U X, is locally polynomially convex at (0,0,0).
We would like to emphasize that, in [16], the authors investigated the problem in the case
where the functions are of a single variable, namely

Xi:= {(Z'f1(2)'f2(2))12 € U},
Xy = {(Z'f3(Z)'f4(Z))iz € U},
where U is a small neighborhood of 0 in C.

It should also be emphasized that the most difficult part of the argument is to prove the
polynomial convexity of the union of several totally real graphs of functions of several
complex variables. In contrast to the one-dimensional case, the higher-dimensional
situation poses considerable difficulties for the application of Kallin’s lemma, as the
pairwise intersections of these graphs can be real submanifolds of dimension two.

2. Local polynomial convexity of union of totally real several variables graphs

As in most earlier studies on this topic ([3], [4], [5], [6], [11], [12], ...), we shall
repeatedly invoke a highly useful result of Kallin that provides a sufficient condition
ensuring the polynomial convexity of the union of two polynomially convex sets.

Theorem 2.1. (Kallin’s lemma [9, 14]) Suppose that:
1) X; and X, are polynomially convex subsets of C";

2) Y; and Y, are polynomially convex subsets of € such that 0 is a boundary point of
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3) p is a polynomial such that p(X;) = Y; and p(X;) = Y5;
4) p~1(0) N (X; U X,) is polynomially convex.
Then X; U X, is polynomially convex.

It follows directly from Kallin’s lemma that the union of two disjoint convex compact
sets in C™ is always polynomially convex.

The following theorem constitutes the main result of this paper and is motivated by the
known single-variable case.

Theorem 2.2. Suppose that ¢(zy,2) = Yo ay (21 + z)%(z + 7)™ % +
0 ((m)m) (m = 2) is a € function in a neighborhood of (0,0) in €2 and
there exists | > % such that |a;| > Y= laxl. (2.1) Then X; U X, is locally polynomially
convex at (0,0,0) € C3.

Proof. For each r > 0, we set
X[ ={(21,25,w) €EX;:|z4| <1, |7| <7}, i = 1,2
Consider the polynomial
p(z,u,v) = a(z + u)™ 241 4 qpm-2it
where « is suitably chosen later. We have

p(24, 79,77 + 73) = @(zy + 7,)™21H1
ta(z; + 75)™m 21

— _ m-—21+1
=a(z; +z,)" 2" +az, + z,

This implies that p(X]) < R. On the other hand, we have

p(Z1;Zz,W) = E(z1 + Zz)m—21+1

m
m
He@+ T+ ) a ()" @+ B + o (VIalP +1zl) )ym2

k=0
_ —21+1
=a(zy +2,)" 2" taz + 25
m
— m-2 — .k
ta(m=-21+ 1)z + 25 Z ar (71 + z5) (21 + z,)™ "
k=0

o ()’

for every (z4,z,,w) € XJ. Since

— —_—m-2Il+1
a(zy + z,)™ 2 + az, + z, ER
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for all z;, z,, it follows that
m

Imp(zy, 25, w) = Im(a(m — 21 + 1)(z; + Zz)m_ﬂ Z a (z; + Zz)k(Zl + zy)™ K
k=0

m
+o (VP +1z:12) ),
@
lag|’
Imp(zy,2;,w)

i _ . — m-2l+k _ m
Tal <|a1|2|21 + 7|2+ Z a; apzy + 7z; (z1 +z)™ k) +o (( 2% + |Zz|2) )
1
o=l

forall (z1,z,,w) € XJ. If we fix a = i —, then

=Im(m — 21 + 1)

(2.2)
> |z + 2" (m — 20+ 1) (|al| - |ak|> +o (Wl + 1),

k#l

for all (zy,2,,w) € X7. Combining (2.1) and (2.2), we obtain Imp(z,, z,,w) > 0 for
every (z1,z,,w) € X3 when r is sufficiently small. Hence p(X3) n R = {0}. This implies
that p(X7) N p(X3) = {0} if r is sufficiently small. On the other hand, it follows from
(2.2) that

p~'(0) n X7 = {(0,0,0)} € C°.
By a simple computation, we obtain
C:=p~1(0)nX] = {(Zl,zz,pe_ie): 0<p<r}

where 6 is a real constant and z; + z, = pe'?,|z;| < r,|z,| < r. We shall show that C
is a convex set. Indeed, let u = (21,2, p1e7%) € C and v = (23,24, pye™®) € Cand 1 €
[0,1]. We have

u+ 1 —Dv= Az + (1 — Vz3,Az; + (1 — V)zy, pe9),

and
(A(zl +2z,)+ (A —2A)(z5 + Z4)) =UAp+ (- A)pz)eie,
where
p=Ap;+ (A —-MDp, <Ar+ (A -VDr=r.

Moreover, we have

1z, + (1= Dzg| <Az |+ A =Dz < Ar+ (A1 -Dr=7r
and

Az, + (1 = D)zy| S Azy| + (A= D]zy| < Ar+ (A —Dr =r.
This yields Au + (1 — A)v € C. We can conclude that

p 0N X UX) =@ '0)NX)U{00}=p " (0)NX;=C
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IS a convex set. Hence C is polynomially convex. By Kallin’s lemma we deduce that
X1 U X7 is polynomially convex for all sufficiently small r.

We easily obtain the following corollaries.
Corollary 2.3. Let ¢(z;, z,) = Bito i (z)* @)™ + o (VTP +1z217) ") (m 2 2)

be a function of class ¢! in a neighborhood of (0,0) in C2. Suppose that there exists [ > %
such that |a;| > Y.k« laxl. Then Y; U'Y, is locally polynomially convex at (0,0,0), where
Y, ={(z1,2;,Z1)}and Y, = {(21'22»2_1 + ‘P(Zl»zz))}-

Corollary 2.4. Let ¢(z1,2,) = $fo @ (2)* @)™ + o (VTP +12,17) ) (m 2 2)
be a function of class ¢! in a neighborhood of (0,0) in C2. Suppose that there exists [ > %
such that |a;| > Y.x+1 lax|. Then Z; U Z, is locally polynomially convex at (0,0,0), where
Zy ={(z1,2z3,2x)}and Z, = {(21:22,5 + <P(21'Zz))}-

The following theorem shows that the condition lz? in Theorem 2.2 cannot be
dropped.

Theorem 2.5. Let p be a positive integer and X, = {(zy, 25,2, + 73): (24,2,) € D},
X, ={(21,2, 71 + 73 + (21 + z,)P((Z1 + 23)1*P): (z,2,) € D}, where D is a closed
bidisk centered at (0,0) € C2. Then X; UX, is not locally polynomially convex at
(0,0,0) € C3.

Proof. We set W; = {(z,w,u): (z + w)u = t} foreach t > 0. Let
P:=W,nX, ={(z,w,u):|z| =t}
and
Qe:=W,nX, ={(z,w,u):|z] =5},
where s is the unique solution of the equation
x% + x20+P) = ¢,

By the maximum modulus principle, we infer that X U X contains the component of
W, bounded by the closed curves P, and Q; for every t >. This implies that X{ U X7 is not
locally polynomially convex for any r > 0. The theorem is proved.

Next, we shall consider:

Y, = {(21; Z3, ZIZZ)}

and

Yy = {(21, 22,7125 + 0(21,25))},
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where ¢(z;,z,) is of class C! in a neighborhood of (0,0) in C? and ¢(z,2,) =
0(|z1z,]). By the same argument as in the proof of Theorem 2.2, we obtain the following
result. We omit the detailed proof.

Theorem  2.6.  Suppose  that  @(z,25) = Yo ax (z12,)¢(Z12)™F +
0(|zyz,]™) (m=>2) is a € function in a neighborhood of (0,0) in C? and there
exists [ 2? such that |a;| > Y k= laxl. Then Y; U'Y; is locally polynomially convex at
(0,0,0) € C3.
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