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ABSTRACT

Let E¥ be an elementary abelian 2-group of rank k and let BE* be the classifying space of
E*. Then, the cohomology algebra P, = H*(BEF;Fy) is a polynomial algebra over the field Fy
with two elements in & generators x1,zs,...,x), with the degree of each z; being 1. Hence, this
algebra is a module over the mod-2 Steenrod algebra, A.

The hit problem of Frank Peterson asks for a minimal generating set for the polynomial algebra
Py, as a module over the mod-2 Steenrod algebra A. Equivalently, we want to find a vector space
basis for Fo @ 4 P in each degree. This is an open problem in Algebraic Topology.

In this paper, we explicitly determine a minimal set of A-generators for P; in terms of the

admissible monomials for the case of the generic degree m = 29+1 + 29 — 2 with d > 6.
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TOM TAT

Ky hiéu E* 13 mot 2-nhém aben so cAp hang k va BEF 1a khong gian phan loai ctia E*.
Khi dé dai s6 dbi dong diéu P, = H*(BE*;Fy) = Faz1,22,...,xx] 1a dai sé da thitc k bién
T1, %9, ..., Tk, trén truong Fy c6 2 phan tit, mdi bién z; ¢6 bac 1. Pai sé nay duge xét nhu mot
modun trén dai s6 Steenrod mod-2, A.

Bai toan hit ciia Peterson la bai todn vé viéc xdc dinh mot tap sinh cuc tiéu cho dai s6 da thitc
P, duge xét nhu mot médun trén dai sé Steenrod mod-2. Mot cich tuwong duong, day la bai
toan vé viéc tim mot co sé ctia khong gian vects Fo ® 4 Py, tai moi bac. DAy 1a mot bai toan md
trong chuyén nganh topd dai s6 duge Frank Peterson duta ra vao nam 1986.

Trong bai bdo nay, ching t6i xdc dinh tudng minh mét tap cuc tiéu cdc phan ti sinh ciia A-
moédun Ps theo céc don thite dude chdp nhan dude tai dang bac téng quat m = 29+1 4 29 — 2
vii d = 6.

T khéa: Binh phuong Steenrod, bai todn hit ciia Peterson, biéu dién modula, dai so da thitc.
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1. INTRODUCTION

Denote by Py := Fa[zy,x9,..., 2] the polynomial algebra over the field of two el-
ements, Fo, in k generators z,,xs,..., Tk, each of degree 1. This algebra arises as the
cohomology with coefficients in Fy of a classifying space of an elementary abelian 2-group
of rank k.

Being the cohomology of a space, P is a module over the mod 2 Steenrod algebra A.
The action of A on P, can be determined by the elementary properties of the Steenrod
squares Sq' and subject to the Cartan formula (see Steenrod and Epstein [13]).

An element g in Py is called hit if it belongs to A Py, where A" is the augmentation
ideal of A. That means g can be written as a finite sum g = ¥,.¢5¢"(g,) for suitable
polynomials g, € Pj.

We study the Peterson hit problem of determining a minimal set of generators for the
polynomial algebra P, as a module over the Steenrod algebra. In other words, we want

to determine a basis of the Fy-vector space
QR = Pk/A“}APk = ®4 Px.

The hit problem was first studied by Peterson [6], Priddy [8], Singer [11] and Wood [23],
who showed its relation to several classical problems in the Algebraic Topology. Then,
this problem was studied by Carlisle-Wood [1], Crabb-Hubbuck [2], Kameko [3], Mothebe
[4], Nam [5], Repka-Selick [9], Silverman [10], Singer [12], Walker and Wood [20], the
present author [14, 15, 16] and others.

The hit problem was explicitly computed by Peterson [6] for £ = 1,2, by Kameko [3]
for k = 3 and by us [14, 15] for £ = 4. This problem is open for any & > 4. The results of
the hit problem and its applications to representations of general linear groups have been
presented in the books of Walker and Wood [21, 22].

For any nonnegative integer m, denote by (Py),, and (QPy),, the subspaces of degree
m homogeneous polynomials in the spaces P and @ Py, respectively. Set p(m) = min{u €
Z : a(m+ u) < u}, where a(a) denotes the number of one in dyadic expansion of a
positive integer a. The following is an early result of the hit problem. Originally, it is

Peterson’s conjecture in [6].
Theorem 1.1 (See Wood [23]). If u(m) > k, then (QPx), = 0.

An important tools in the study of the hit problem is Kameko’s homomorphism
57(]2 : QP. — @QP,. This homomorphism is induced by the Fy-linear map ¢ : P, — Py
given by ¢(x) = u, if x = 2125 . .. 23u? and ¢(x) = 0, otherwise, for any monomial x € Pj.
Note that ¢ is not an A-homomorphism. However, ¢S¢* = Sq¢*¢, and $Sq**! = 0 for

any non-negative integer s.
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Theorem 1.2 (See Kameko [3]). Let ¢ be a positive integer. If u(2q + k) = k, then

—~0 —~ 0
(80,)k,g) =94, : (QPx)2g+x — (QPr)q

is an isomorphism of the Fy-vector spaces.

From Theorems 1.1 and 1.2, the hit problem is reduced to the case of degree m such
that p(m) < k. For pu(m) = k — 1, the problem was studied by Crabb-Hubbuck [2],
Nam [5], Repka-Selick [9], Walker-Wood [20] and the present author [14, 15]. For u(m) =
k — 2, it was studied in [16] which provides a new tool for studying the Peterson hit
problem.

Recently, many authors study the hit problem for the case k& = 5 and the problem
has been explicitly determined for the case of degree m such that a(m + s) = 1 with
s = p(m) < 5 (see e.g. [18]).

In this paper, we study the hit problem for a case of £ = 5 and the degree m such
that a(m + s) = 2. More precisely, we explicitly compute the space (QPy)gd+14014_o, With

d = 6, in terms of the admissible monomials (see Section 2). We prove the following.

Theorem 1.3. For any integer d = 6, there exist exactly 2480 admissible monomials of
degree 2t + 24 — 2 in P5. Consequently, dim(QPs)(pa+1494_g) = 2480.

The paper is organized as follows. In Section 2, we recall some needed definitions
and results on the admissible monomials in Py, the criteria of Singer and Silverman on
the hit monomials. The detailed proof of Theorem 1.3 is presented in Section 3. Finally,
in Section 4, we list the admissible monomials of the degree 29! 4+2¢ — 2 in P; which are

used in the proof of the main result.

2. PRELIMINARIES ON THE HIT PROBLEM

In this section, we recall some needed definitions and results on the weight vector of
a monomial and the admissible monomials from Kameko [3], Singer [12] and the present

author [15, 16] which will be used in the proof of Theorem 1.3.

Definition 2.1. A weight vector w is a sequence of non-negative integers (wy, ..., w;,...)
such that w; = 0 for 7 > 0.
Let 2 = 2'2%...2* € P.. We denote vj(z) = t;,1 < j < k. We define two

sequences associated with x by

w(z) = (wi(z), we(x), . .., wi(x),...), ox)=(n(zr),n(),...,un())),

where w;(r) = ¥,¢jex @ic1(v(x)), 7 = 1. The sequences w(x) and o(x) are called the

weight vector and the exponent vector of x respectively.
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The sets of weight vectors and exponent vectors respectively are given the left lexi-

cographical order.

Definition 2.2. Let w be a weight vector and g, A two polynomials of the same degree
in P.

i) g=hifand only if g+ h € AT B,

ii) g=, hifand only if g+ h € AT P, + P (w).

It is easy to see that, the relations = and =, are equivalence ones. Denote
QP (w) = Pe(w)/((AT Py N Pi(w)) + P (w)).

Then, for any degree m, we have

(QPm = P QPi(w (2.1)

deg w=m
Definition 2.3. Let u, v be monomials in P, with degu = degv. We define u < v if and
only if one of the following conditions holds:
i) w(u) < w(v);

ii) w(u) = w(v) and o(u) < o(v).

Definition 2.4. A monomial « in P is said to be inadmissible if there are monomials
V1, V2, ...,V such that v; <wfor j=1,2,...,rand u+37%_,v; € A" P.. A monomial u
is said to be admissible if it is not inadmissible.

Obviously, the set of all the admissible monomials of degree m in Py is a minimal set
of A-generators for Py in degree m.

Denote by A, the sub-Hopf algebra of A generated by S¢' with 0 < i < 2%, and
At =AY A

Definition 2.5. A monomial u in Py is said to be strictly inadmissible if and only if there
exist monomials vy, va, ..., v, such that v; <wu, for j =1,2,...,rand u+37_, v; € AL P

with s = max{i : w;(z) > 0}

Theorem 2.6 (See Kameko [3], Sum [14]). Let u,v,w be monomials in Py such that
wi(u) =0 fori>r >0, ws(w) # 0 and wi(w) =0 fori>s > 0.
i) If w is inadmissible, then so is uw? .

ii) If w is strictly inadmissible, then so is wv? .

Proposition 2.7 (See [15, Proposition 4.3]). Let z be an admissible monomial in Py and
let ig be a positive integer. Then we have

i) If wi,(xz) =0, then w;(x) =0 for all i > iy.

il) If wi,(x) < k, then w;(x) < k for all i > iy.
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We recall a result of Singer [12] on the hit monomials in Fj.

Definition 2.8. A monomial z in P is called a spike if v;(z) = 2% — 1 for d; a non-
negative integer and j = 1,2,... k. If d; > dy > ... >d,—y 2 d, > 0 and d; = 0 for
j > r, then z is called the minimal spike.

Clearly, all the spikes in P, are admissible and their weight vectors are weakly de-

creasing. The following is a criterion for hit monomials in P;.

Theorem 2.9 (See Singer [12, Theorem 1.2]). Let x € Py be a monomial of degree m
with p(m) < k and let z be the minimal spike of degree m. If w(zx) < w(z), then x is hit.

Singer shows in [12] that this criterion is not enough to determine all hit monomials.

So, we need Silverman’s criterion for hit polynomials in P.

Theorem 2.10 (See Silverman [10, Theorem 1.2]). Let p be a polynomial of the form
fg*" for some homogeneous polynomials f and g. If deg f < (2¢ — 1)u(deg g), then p is
hit.

This result leads to a criterion in terms of the minimal spike which is a stronger
version of Theorem 2.9.

Theorem 2.11 (See Walker and Wood [20, Theorem 14.1.3]). Let x € Py be a monomial
of degree m such that p(m) < k and let z be the minimal spike of degree m. If there is an
index v such that YI_; 2 w;(z) < 0, 20" 'w;(2), then x is hit.

Set PP = ({z} .3 € Poitiita =0)), Pr=alt...zl* € Boity ...t >0}).

It is easy to see that PP and P} are the A-submodules of P, and QP, = QP& QP .
Here, QPY= PIAPS anid QP = PH /AP,

We denote Noy=-{(6 ) i I'= (¥t ] €<t < w0 €5 € 0€ 7 < k)
For each (i; I) € N, we define the homomorphism of A-algebras P P = Fr-a by

zj, if1<7j <4,
7)(1';1)(-'7"1') =\ Yiepy=1y iL7=1% (2.2)
Tj-1, if4 <] Sk

Lemma 2.12 (See [7]). For any monomial u in Py, we have p;.1y(u) € Pp_y(w(u)).

It is easy to see that if w is a weight vector of degree m and u € Pi(w), then

Py (u) € Pe_1(w). Moreover, pg;.) passes to homomorphisms

Pihy s QP (w) — QP 1(w), pai: (QPe)m — (QFk-1)m:
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For J = (j1,J2,.--5Js) : 1 € 51 < ... < js € k, we define a monomorphism of
A-algebras 0; : P; — P, by substituting

O5(x¢) =5 for 1<t <s. (2.3)

Obviously, for any weight vector w of degree m, we have Q0;(P})(w) = QP (w) and
(QHJ(P.:'))m = (QP3+)HL for 1 < s < k, where QGJ(P:.) = QJ(P:.)/A_FGJ(PJ) Hence,

from a result in Wood [23] and (2.1), we get the following.

Proposition 2.13 (See Walker and Wood [21]). Let w be a weight vector of degree m.
Then, we have

dim QP (w) = Z (k) dim QP (w),

p(m)<s<k 8
k

S

din](QPk)m - ( )diITl(QR:-)‘m.
p(m)<s<k

Set Joi= (Lo bpenwgh) f61 1 SEC R

Proposition 2.14 (See Mothebe and Uys [4]). Let t,d be positive integers such that

: 3% : 3 . 2d__ .
1 <t < k. Ifuis an admissible monomial in Py._y, then so is xi '0;,(u) in P.

Notation 2.15. Denote by By(m) the set of all admissible monomials of degree m in Pj.
We set BY(m) = Bx(m)N P?, B (m)= Bi(m)N P.

For any weight vector w of degree m, we denote
Bi(w) = Bi(m) N Pr(w), B (w) = Bif (m) N Pu(w).

For a polynomial g € Py, denote by [g] the class in QP represented by ¢. If w is a
weight vector and g € Py(w), then we denote [g], the class in QPy(w) represented by g.
If w is the minimal weight vector, then [g], = [g].

For a subset T' of P, we denote [T] = {[g] : ¢ € T}. For T C Pi(w), we set
T]y = {lg9]lw : g € T}. Then, [Bi(w)], and [B} (w)]., are the basses of the Fa-vector
spaces QP (w) and QP (w) := QPx(w) N QF; respectively. Denote by |T'| the cardinal
ol 7',

3. PROOF OF THEOREM 1.3

3.1. The weight vectors of the admissible monomial.

First of all, we determine the weight vectors of the admissible monomials of degree
m =2¢t1 4 924 _ 9 in B
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Lemma 3.1.1. Let = be an admissible monomial of degree 2%+' + 27 — 2 in P; with

d a positive integer. If d > 4, then either w(z) = (2)|%(1) or w(z) = (4)|(3)|¢"! or
w(z) = (4)|3)|**|(1)[.

We need the following technical lemma.

Lemma 3.1.2. Let (i, j,t,u,v) be an arbitrary permutation of (1,2,3,4,5). The following
monomials are strictly inadmissible:

i) afeiadnd s alrsntates. 4 < 4.

uv?

i) g miaials Bleiaiaials gatalalel: satrialel i< j <t

w 1.’7 v? uv

ill) gz tay e :cj”:r,zx”:l:},‘i. fr;x‘]’z,m:z‘“x},". o eom

iv) ;r?a:“asf’xﬁa‘%
Proof. The proof of Part i) is easy. Part ii) is proved in [17]. For & = ajzjzfaSa}’, we
have w(z) = (2,4,3,1,1). By a direct computation, we get
x:Sql(xfixom?I(‘ 25 4 235002507 1 o32%atala® + adalz 0z 2yl
+ adalal2a 0015 4 030800000 4 030000120 4 o 10p 20010
+ 23028200 + o3 2a 00 + adadalnlx 15+a,9$5xt101,61,15

+T()II’10.T?.L'6.L' o+ 1710,13 .L'tl’m 1')+ I.l(),I,SL,IZ '),I_l)_'_TlO 123:;1:

u 'U

S R T e B R )

+ S¢? ( §$6$616$23+$ sttlorlo 15 4 3y }o$?110w13+$3$}0$}o$6$15

+x 1015'1(;1‘;%3’ +z {0:13'1 §0'L2'L5" 21 T%O’Iéolil:g’lu—) ) + Sq ( O’IS’L(; L2 159)

+ S¢® (.c”a:g.vgmgxér’) mod(P; (2,4,3,1,1))
The above equality shows that the monomial x is strictly inadmissible. The proof of the
monomials in Part iii) are carried out by a similar computation. U

Proof of Lemma 3.1.1. Observe that z = a,f 13;5 ~! is the minimal spike of degree

2441 4 242 in Ps and w(z) = (2)|%|(1). Since 2%+ +2¢ —2 is even, using Theorem 2.9, we
obtain either wy(xz) = 2 or u.)l( ) =4. Hwi(z) =4, thenz=12;...,%;...25y> with y an
admissible monomial of degree 242971 —3 in P; and 1 < i < 5. By combining Proposition

2.7 and Lemma 3.1.1 in [16] we get either w(y) = (3 )|‘1‘1 or w(y) = (3)]%2|(1)%, so
w(z) = W|E) or w(z) = WIEII(V).

Suppose w;(z) = 2. We prove w(z) = (2)|%|(1) by induction on d > 4. Since
wi(z) = 2, we have z = z;z;y* with 1 < i < j < 5 and y an admissible monomial of
degree 2¢ + 2971 — 2. For d = 4, by a direct computation we see that if w(y) # (2)[?(1),

then there is a monomial « as given in Lemma 3.1.2 such that z = u2z* with 2 <r <5

and z a suitable monomial in Ps. By Theorem 2.6, z is inadmissible. So, we get w(y) =
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(2)1](1) and w(z) = (2 )|4|(1) Suppose d > 5, by the inductive hypothesis, we have

w(y) = (2)]7Y(1), hence w(x) = (2)|?|(1). The lemma is proved. O
From Lemma 3.1.1 we obtain the following.
Corollary 3.1.3. For m = 24! 4 2¢ — 2 with d > 4, we have
(@Ps)m = QP5((2)|"](1) D QP ((4)(3)|") D QPs((4 “2I@)P).

The space QP5((4)[(3)|!) has been determined in [18, Proposition 3.2.1].

Theorem 3.1.4. For any d > 6, Bs((4)|(3)|*") is the set of 310 admissible monomials.
(3)]%-1) = 310.

The elements of the set Bs((4)(3)|"!) are explicitly presented in the Appendix of
[18]. Thus, we need only to compute QPs((2)|?|(1)) and QPs((4)[(3)|*72|(1)|?).

Consequently, dim Q Ps((4

3.2. Computation of QP5((2)|(1))
From Peterson [6], Kameko [3] and [15], we have
B (W) =2, B (()IY|(1)) =8

and |Bf((2)|4](1))| = 26. Hence, by Proposition 2.13 we obtain

0 (B 5 5\
|BI((2)%](1))] = 2(2) +8(3) +26<2> = 230.

In this subsection, we prove the following.

Theorem 3.2.1. For any d > 4, B ((2)|%|(1)) = {aa; : 1 <t < 80}, where the mono-

mials a; = agy are listed in Section 4. Consequently,
dim QP5((2)]%|(1)) = 80, dim QPs((2)|¢|(1)) = 310.
We need a technical lemma for the proof of the theorem.

Lemma 3.2.2. Let (i, j,t, u,v) be an arbitrary permutation of (1,2,3,4,5). The following

monomials are strictly inadmissible:
i) zixic; 3 :1:71’71:? L€i<g<tLB

) ameleiel, zaelelnl i < g <lyain et uley

D2 33yl 12
u? )

et i jetew T;T;T,T,°

i) el lCadtpl? ptardtn 2]l gdelde tydlad mdeldydBatal alialladated,

Proof. Parts i) and ii) follow from Kameko [3] and our work [15]. We prove Part iii) for

r = ixdxlz%21%. By a direct computation using the Cartan formula we have

— 2,3.9,12 20 20,12 12 .18 5,9 18,12
T = TITHX3T,° T +11 21314 T +L112131415 +z 112 I3y Ty

<IN 3..3..8..90 212 3.4,.9.12 .18 84,9 18,19
T TVTLT3T, Ty + TYTRT3T, Ty~ + TIToT3T, Ty + TIToT3T, Ty

10
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P S B LI L e W O o
+ TIToTT T + TITL3T, T + TiZaTy Ty Ty + Sq (m1m2m3x4 Ty

3,.3..5 ) 3.0 b P 1 y 2,.3,..9
5 :I:f:L'éwéxss:L‘l ¢+ :L."f:yéxga:f:(:é& 8 :1:{;1:3:173:3481%,2) + S¢? (xf.'l:;;cgwf:cés

.
2

534018 12 ; 5.8 6 12 18 ; 53 6 18 12 if -8 3 6 19 18

+ TITHT3T, T + Ty ToT3T, Tr + TITHTIT, T ) + Sq (a,1x2:z:33:4 T

8. 3. 8. 4898 | 3064949 87856918 = 4

T T1TT3Ty Ty~ + T1T2T3T4 Ty ) + 5q (171172933374 T ) mod(F5 ((2)[[(1)).

Hence, the monomials z is strictly inadmissible. The other monomials are carried
out by a similar computation. O

Proof of Theorem 3.2.1. Let X be a monomial of wight vector (2)|¢|(1) in P;" with d > 4.

Then we have X = a:x?

! with  a monomial of weight vector (2)|? and 1 < j < 5. From
the monomials of Bs((2)|?) as listed in the Appendix of [18] we see that there exists
uniquely a pair J, = (ji,j3) such that 1 < j§ < ji < 5 and v;=(x) > 16 for i = 1,2.
By a direct computation we see that if j # ji, j5, then there is a monomial w as given
in Lemma 3.2.2 such that z = wal“_r with r an integer such that 2 < r < 5, and y

)|d+1—'r

a suitable monomial of weight vector (2 . By Theorem 2.6, x is inadmissible and

we have a contradiction. Hence, either j = j¥ or j = j5 and z; = 0, (z,) for suitable
u =1, 2. Thus, we get

Bs((2)]9(1)) € A(d) := {z8;,(x.) : € B5((2)|%), u =1, 2}.

By a simple computation we see that A(d) = B2((2)|4](1)) U{aa, : 1 < t < 80},
where the monomials a; = a4, are determined in Section 4.

We prove B;((2)|%](1)) = A(d) by proving that the set {[as,] : 1 <t < 80} is linearly
independent in QPs((2)|4(1)). Suppose there is a linear relation

Ti= Y ~ag =0, (3.1)

1<t<80
where 7, € Fy. We denote vy = Y ycjve forany J C {t e N: 1 < ¢ < 80}.

Let vgj, 1 < j < 26, be as in Section 4 and the homomorphism p;.r) : P5 — P, defined
by (2.2) for k = 5. By using Lemma 2.12, we see that p(.;) passes to a homomorphism
from QP5((2)]%/(1)) to QPy((2)|/(1)). By applying p(1,2y and p(a;5) to (3.1), we obtain

P1:2)(T) = Y{13,16,21,23,27,30} V1 + Y{14,19,24,26,30} V2 + Y15U3 + Y16Va + 117U

+ Y18V6 + Y19U7 + Y20Us + Y21V + V{23,303 V10 T Y24V11 T Y26V12 + Y2713

+ Y20V14 + Y30V15 + ¥32V16 + V{9,16,21,27} V17 + V{10,23} V18 + V{11,19,24,30} V19

+ Y{12,26} V20 + Y{22,30} V21 + Ya5U22 + YosU23 + Y31V24 + YagUas + V51026 = 0,
P(a;5)(T) = Y701 + YsV2 + Y2rUs + Y28Va + Y29Us + Y30V6 + Y31V7 + Y32Vs + Va5V

+ Ya6V10 + YarV11 + Ya8V12 + Y913 + V5014 + V51V15 + V52V16 + VesVi7 + Ve6Vis

+ YerV19 + Y68V20 + Ys0V21 T+ VraV22 + Y75U23 + Yr6V24 + Yr7V25 + Y7826 = 0.

11
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From these equalities, we get
7 =0for 7<t<320r45<t<b2orte {6566, 67,68, 74, 75,..., 78, 80}. (3.2)

Apply pz.4y and p;5) to (3.1) and using (3.2) to obtain

P(3;4)(T) = Y{1,70,73}V1 + V{3,72,79} V2 + V35V9 + V{33,36,41,70,73} V10 + V38V11 + V{34,39,43,72,79} V12
+ V55017 + V{53,56,61,70,73) V18 + V58V19 + V{54,59,63,72,79} V20 + YeoV21 + Yr1v22 = 0,

Pa5)(T) = Y2:60,705V1 + V{a,71,72) V2 + V(33,42,60) V0 + V37010 + V{34,44,713 V11 + VaoV12
+ V{(53,62,69} V17 + V57V18 T V{54,64,71} V19 F Ye0V20 + Y70U21 + Yr2V22 = 0.

Computing from the above relations gives
v =0 for t € {2, 4, 35, 37, 38, 40, 55, 57, 58, 60, 69, 70, 71, 72},
Y = 7. for (t,u) € {(33,42), (34,44), (53,62), (1,73), (3,79)}. (3.3)

By a direct computation using (3.2) and (3.3) we obtain

Paa)(T) = v(1,5.33,613V1 + V{3,6,34.63)V2 + V{5,36,61}V4 + V{6,39,63} V7
+ V{54,64} Us + V{1,5,33,61}V10 t V{3,6,34,63} V12 + Ya1V21 + Yazva2 = 0,
P(2;3)(T) = 7{1,5,36,53} V1 + V{3,6,39,54} V2 + ¥{5,36,61}V9 + ¥{1,5,36,53} V10
+ 7{6,39,63) V11 T+ V{3.6,39,64} V12 + V56V21 + Y5922 = 0,
D) (T) = V(5,41,53)V1 + V{6,43,64)V2 + V{1,5,41,56} V4 + V{3,6,43,50} U7
+ V(5,41,53} V10 + V{6,43,64) V12 T V{54,64} V20 T Y61V21 + Ye3U22 = 0.

From the above relations one gets
7 =0 for t € {33, 34, 41, 42, 43, 44, 56, 59, 61, 63},
1 = Y for (t,u) € {(1,5), (3,6), (1,36), (3,39), (1,53), (3,54), (3,64)}. (3.4)
By applying p(2;5) to (3.1) and using (3.2), (3.3) and (3.4), we obtain
P(z;s)(T) = Y1vg + Y307 + N1V21 + Y322 = 0. (3.5)
This equality implies v = 73 = 0. Hence, we get 7, = 0 for all £, 1 <t < 80. The
proof is completed. 0
3.3. Computation of QP5 ((4)[(3)[472|(1)[?).

For d > 6, by using Proposition 3.2.1 in [18] we see that for any = € Bs((4)[(3)|?72),
there exists uniquely a sequence .J, = (735735, 3%) such that 1 < jf < §2 < j§ € 5and
vjr(x) > 16 for t = 1, 2, 3. Consider the map 6, : P, — P5 defined by (2.3) for £ = 5 and

r < 5. The main result of this subsection is the following.

12
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Theorem 3.3.1. For any d = 6, we have

B5((4)|3)1*2|(1)2) = {as, () : 2 € Bs((IB3)*?), y € Bs((D*) }-

By Kameko [3], we have |B3((1)|?)| = 6. Hence, from the above proposition we obtain
dim QPs((4)[(3)|2|(1)|?) = 1860. By combining Propositions 3.1.4, 3.2.1 and 3.3.1 we
get dim(QPs) pd+1494_9) = 310 4 310 + 1860 = 2480 for any d > 6. Thus, Theorem 1.3 is
proved.

In the remaining part of the section, we prove Theorem 3.3.1.

Proof of Theorem 3.3.1. Let d > 6 and let 7 € P5((4)|(3)|*2|(1)|?) be an admissible
monomial. Then z is of the form z = .’1).])2d_1 with z a monomial of weight vector
(4)[(3)]*% and p a monomial of weight vector (1)2. From the proof of Proposition 3.1.4
in [18] we see that if z ¢ B ((4)|(3) |d‘2), then x is strictly inadmissible, hence by Theorem
2.6, x is also strictly inadmissible. This implies a contradiction and the monomials x and
p are admissible.

By a direct computation we see that if there is 1 < 7 < 5 such that j # j7, 75, 75 and
vj(p) > 0, then there is a monomial w as given in one of lemmas from Lemma 3.2.1 to
Lemma 3.2.4 in our work [19] such that z = haw? ™ with u a positive integer, 2 < u < 6,
and h a monomial of weight vector (4)|(3)|*. By Theorem 2.6, & is inadmissible and
we have a contradiction. Hence v;(p) = 0 for j # j{, j3, j3 and p = 6;, (y) with suitable

monomial ¥ in P;. Thus, we obtain

Bs(W)I@)*2I(D)?) € {285, @)* " : 2 € Bs(()I3)1*?), y € Bs(V)} -

Now we prove that the set in the right hand side of the last relation is a minimal set

of A-generators for P5(w,) with @y = (4)[(3)|472|(1)|*>. Suppose there is a linear relation

S = Z Ya,y (:I:HJ,T (y)zd_l) =4 Oe

x€BZ ((4)|(3)]7-2); yeB3((1)[2)

where 7, , € Fy. Let By(@,) be as in our work [15] and the homomorphism p;,p) : Ps — Py
which is defined by (2.2) for £ = 5. Note that |By(wy)| = 90. From Lemma 2.12,
we see that p.;y passes to a homomorphism from QP;(w,) to QFP,(wy). By a direct
computation similar to the one in the proof of Proposition 3.2.1, we compute p(;.1)(S))
in terms of the monomials in By(@wy) (mod(A*P; + P, (wy)). By computing from the
relations p(;.1)(S)) =z, 0 with all (4; 1) € N5 and I # (2,3,4,5), we obtain ., = 0 for all
x € Bs5((4)|(3)|472) and y € B3((1)|?). The proof is completed. O

13
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4. THE LIST OF THE ADMISSIBLE MONOMIALS

The set Bs((4)|(3)|*!) is explicitly determined in the Appendix of the work [18] and
the set Bs((4)[(3)|*72|(1)[?) is determined in Theorem 3.3.1. So, in this section, we list
all elements of Bs((2)|%(1)).

From Peterson [6] we have
d_ d+1 d+1_1 od_
2(()1(1) = BE(@)1)(1) = {7 a5, a1 af )

From Kameko [3] we have B3 ((2)|%](1)) = {u; = uq; : 1 < j < 8}, where

Uy = xlxgd 2:17%“] Ug:i= xlxgd lxﬁd“ do Uz = :clxﬁdﬂ 2$§d'1 Ug= xla:%d+l'lx§d‘2
Us = 13:175 "3mﬁd+‘ % e xfri“l 3x§d'2 U7y = a;f '1£2x§d+1'2 Uug = m?d+1"1$2x§d—2
From our work [15] we have B ((2)|%(1)) = {v; = va; : 1 < j < 26}, where
v = ’rlrzqid Z:I?ldﬂ B Uy = XL1Ta! L%dﬂ 2.7:?;1_2 Uz = Elq,zlgd 41:3d+1_1
vy = :zzlfrﬁmz;d 3m§d+l 2wy =wyriel “1J,2d+1“4 Vg = xlm§x§d+ —4.L2d 1
Up=LiEats ks s =dihts a1 tg=ainng g
Vg = :leg:rgd“%ﬁd“ B Vi1 = 1,:1:3:1:% “"417?14"2 Vg = a;l.vgfc% +1"2xﬁd"4
Vg = 11:112 2;1:33:3“1 4 Vg = xlxé E %a:ﬁd“ — U5 = xlx;“ 2:1:;3:3 “
Vig = xlrgd 'lxzrrid 4 v = ziT02? _4ac§d+l 2 g = T3T2T2 "chﬁd“'4
U1g = Ty nggdﬂ —A 'ﬁd_z Ugpg = T rga,%dH_Z.Lﬁd —4 Vg = z?zin%"“’a?"” h
vp = 23232 0ud ¢ iy = 1/313 Sadal vy =il el
Vog = Lf “lg,xix ﬁdﬂ 4y = :I,fd :rz’r%LQ =

According to Proposition 2.13, we have |B2((2)|4(1))| = 2(2) + 8(3) + 26(2) =230,
and BY((2)||(1)) = Ugy=s; 2<s<a 05(B5((2)|°1(1))).

Bs((2)|4(1)) = B2((2)|4|(1)) U{aa, : 1 < j < 80}, where the monomials a; = ay ; are
determined as follows. For d > 4,

ay = T1 222323 '47"3“1'2 Ay = T1T2325 _ZJ,§d+l_4 as = T1To2323 H"Lméd =
Gy= lexzmérﬁdﬂ = 'gd"i as = 21222512 '°x§d+1‘4 05 = a:lmzxgrde“’lﬁd =4
ay = :v,xyr% 2:1:331:2({+l 4 ag= m‘lzvzqzzd o 2x§x2d_4 ag = T1T3T325 '_4x§d+1 =2
Ay = a:lzz:uda:%d 21:'211«1»1_4 11 = a;]x%xdxf it gd 2 ay9 = $1$%$3$,21d+1_2.1‘§d_4
13 = :clméa:gxil_“xgd“ =t 14 = azlx%x}aj “_4.27?_4 ais = .rlargzgwi _Slgd“_l
a16 = T1TITHTS '7x§d+l 2 ay7 = T1x3THTS _l$§d+l_8 18 = :L'lrcga:‘;:zﬁ ‘Szrgd‘l
19 = T123THLS +l_7:1,3(1_'2 Ay = 11'1:333312‘“1 1w§d'8 dgy = T\ Z3T5TS ‘8$§d+1‘2
az = T1222325 _b.l,édﬂ 4 gy3 = ;1;1:1:2;1:3;1; ".L,Té““ =8 gy =xi33T ;deﬂ_s ,?,"—2
(o5 = :1:1121,;13 +1_°m§d % Aog = 1,11/2:1"3 rﬁ e Z.Egd_s Qo7 = J,1r2x§ = I'4.L2d+1_2
ass = x12223" Sxi:rzﬂl_‘l azy = 712222 _lljxﬁdH 8 g0 = z1alad T g2
a3 = xlrélg 3xﬁ:z:§d“‘ a3p = 11:1:%3:2; "1:vjx3,d =8 a33 = xlm;z:ﬁmf '412“1"’
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. od+1_y od_ 4 9d_g od+l_c . od_g od+1_
Gsi=miTazaes gt Y em=minizars w7 am=wiraesmi Jxg o
T B S I — e S pd 2018, 242 s Bl 2816 904
asy T3y Ty 38 = T1XyX3Ty Ty 39 = T XT3y Ty
o 34,2012 2d_g — 376,208,291 4 — o p3y0,,20-4,20F18
ay0 T1T5T3T Ty g = X1T5T3Ty Ty gy = L1 T3y Ty,
3.6 2d+1_g 9d_y . 3t i@ 2d+1_y4 9od_g . | 2d_4 9 2d+1_4
g3 = T1T5T3Ty Ty Ayqq = .I,'1!I,'2.’L§.'L’4 Ty ay5 = T1T5T3 Tyly
=3 2([__2’ 4 2(l+l_8 s 3 ‘2d+l_4 2 21!__4 - 3 2d+l__2 4 2d_8
Q46 = T1T3T3 T4T5 Q47 = T1T5T3 TiT5 Q48 = T1T5T3 TyTs
2d-2 9 24+1_4 _ 241 2 4 24t1_8 _ 2dtl_p o 2d_4
Q49 = T1T5 T3T4T5 as) = T1T5  T3T4Ts asl = T1Ts T3TITE
2411 92 4 21-8 . % NI T 3 e e s
as59 Ty T3 4Ty 53 = T3y Xy A5q4 = T7T2T3Ty Xy
i ada 288 SOTL D s o e . AP (0 P
A55 = T7T2T 3Ty Ty A5 = T XT3y £y A57 = T7L2X 3Ty Ty
P od+1 _ od _¢ od+1_g . . od+1_o od_
@ss = TITWATE | Ox;2 2 @gg = Timaxixs  Omz * ago = wimpxizd  lxi P
B 1 B,20=8, 20+ y . N T o ) — 3o 0,291 1—8 294
(g1 = TyT2T3T; T Qg2 = XT]T2T3Ty T Q63 = T]T2T3Ty x5
: od+1_4 od_ . od _ d+1_ ; d_ d+1_
ags = 23xa23xE " 428 ags = 2dwpad Aa2xdT Y age = 2dxgad lxdal B
3, 20F1—4 o 244 — 35 2412 4 248 — 3,.5,.2,.29-8 29+1_4
Qe7 = T1T2T3 TyTs Qg = T1T2T3 T4Ts Qg9 = T1TpX3ly Ly
3.5.5 ‘24_4 ,2d+l—8 o 3.5.9 2d+l_8 2{[_4 o 3 5’ 2 21[+l_4 2d—8
3,.5,.10,.2¢—12_24+1_§ — 3..5,.2¢11-6_4 2¢-8 — 3,.2¢-3_2 4 24+1_3
M e T B o TR O W e SO, W -
76 T T3X 4Ty azr = Iy Tol3T 4Ty arg = I ToX3X Ty
For d = 4, ey = Whinits dy s>, Gpg=822523 020 2L,
3 o 8,500, odtln. odug — 3..5,.29-6_4, 2918
For d 2 5, arg = zix325 15 T, Ggo = TTT3  T4Ts
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