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HE PHUONG TRINH PHI TUYEN

Approach to metaheuristic algorithm solving nonlinear system of equations

Lé Tén Long
Truong BH Sai Gon

TOM TAT

Céc bai toan t6i wu hoa phi tuyén luén duge cac nha khoa hoc quan tim vi hau hét cac hé thong trong
thuc tidn déu c6 ban chit phi tuyén. Cac hé thong phi tuyén thuong dugc xap xi qua viéc tuyén tinh hoa,
diéu nay khé chinh xac trong mot pham vi gia tri dau vao nhét dinh; nhung khi hé thdng thay doi nho thi
s& gdy ra cac hiéu tmg phirc tap. Trong bai bao ndy, ching t6i dé xuit két hop thuat toan Grey wolf
optimizer (GWO) va thuat toan Whale optimization (WOA) dé nang cao chat luong 101 giai bai toan hé
phuong trinh phi tuyén, chung t6i dat tén la thuat toan GWOWOA. Chting t61 da thuc nghiém thuit toan
GWOWOA trén hai bai toan cu thé Fy, F,. két qua thuc nghiém cho thiy rang, chit luong 10i giai ctia
thut toan GWOWOA t6t hon mot sb thuat toan hién biét.

Tir khoa: metaheuristic, GWO, WOA, lai, hé phuong trinh phi tuyén
ABSTRACT

Nonlinear problems are always a concern for engineers and scientists because most natural systems are
inherently nonlinear. Solving nonlinear systems of equations is often very complex and time-
consuming. Nonlinear systems are often approximated by linearization, which is fairly accurate within a
certain range of input values, but small changes in the system can cause complex effects. The author has
chosen to combine the Grey Wolf Optimizer (GWO) and Whale Optimization Algorithm (WOA) to
achieve better performance. GWO performs better with unimodal and multimodal benchmark functions.
With two test problems, F; and F,, the new GWOWOA algorithm shows more promising results
compared to other algorithms in most cases. Regarding execution time, GWOWOA competes with
GWO and WOA, never taking longer and sometimes being faster, as shown in problems F; and F,.
Thus, this algorithm is very promising for solving nonlinear systems of equations.

Keywords: metaheuristic, grey wolf, whale, crossover, system of nonlinear equations

1. Gi6i thiéu bai todn t6i wu héa phi  cac bién [9].
tuyén va khao sat mot s6 huéng tiép can Dang cta hé phuong trinh phi tuyén:
giai bai toan hé phwong trinh phi tuyén

1.1. Gidi thiéu bai todn hé phwong
trinh phi tuyén

Hé phuong trinh phi tuyén khong thé
duogc viét dudi dang to hop tuyén tinh cua

fl(x1,x2,X3, ....,xn) =0
f2(x1; X2, X3, ....,xn) =0

fn(x1, %2, %3, o0, Xp) =0
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Trong d6: f1, fo, ...., fy 12 c&c ham phi
tuyén phu thudc vao cac bién Xy, X2, ...y Xn.
Vi du 1: Giai hé phuong trinh phi tuyén

{f1(x1'x2) =2x,—e2=0
fo(xq,x) =™ +5x, =0

Vi du 2: Giai hé phuong trinh phi tuyén

{f1(x1»xz) =x3—-2xy+y*=0
folx,x) =x2=2x—y+2=0

1.2. Ung dung ciia bai todn t6i wu
héa phi tuyén

Hé phuong trinh phi tuyén phat sinh
trong nhiéu linh vyc nhu k¥ thuat, co khi, y
hoc, hoa hoc, robot, phan tich thi truong tai
chinh [1], [2].

1.3. C4C hwéng tidp cin gidi bai todn
hé phwong trinh phi tuyén

Hién c6 cac hudng tiép can giai giai
bai toan hé phuong trinh phi tuyén sau day:

Thik nhat, tiép cdn theo phwong phdp sé

da dugc phat trién dé giai hé phi tuyén
F(x) = 0, sir dung da thirc Taylor, phan ra,
nhiéu loan dong vi, cong thic vudng goc
va cac k§ thudt khac [3]. Phuong phép
vung tin cdy (Trust - Region Method) dam
bao giai phap bang cach bt dau vai hai gia
tri ban dau ma giai phap ton tai gitra hai gia
tri d6. Tuy nhién, sy hdi tu ctuia cac phuong
phap nay c6 thé cham. Nhiéu phuong phap
s6 nhu phuong phap Newton di duoc dé
xuat, nhung chung c6 nhugc diém nhu yéu
cau thong tin din xuét, diém xuat phat ban
dau t8t va dé bi méc ket trong cuc tiéu cuc
bo [1].

Thit hai, tiép cdn theo phwong phdp
bién bai todn phi tuyén thanh bdi todn téi
wu da muc tiéu

Ngoai cac phuong phap sb, hé phuong
trinh phi tuyén d3 dugc mo hinh hoa thanh
cac bai toan tbi uu héa da muc tiéu [3], [8].
Uu diém cta viéc mo hinh hoa nay la
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nguoi dung ¢ thé tim nhiéu giai phap thay
thé thay vi chi mot giai phap duy nhit. Cac
bai toan t6i uu hoa duwgc ung dung rong rii
trong cac nganh nhu san xuét ché tao, k¥
nghé — co khi, kiém soat diéu khién, xay
dung md hinh — chinh sich, dinh tuyén
mang, tiép thi, sép Xép lich trinh, hang
khong vii try, tinh toan — phat trién tri tué,
van tri hoc (operations research) [7].

Thir ba, cac thudt toan metaheuristic

Thuat todn Metaheuristic 1a cac thuat
toan siéu heuristic cho viéc gidi céc bai
toan kho. Bo toi wu hda Metaheuristic bao
gom nhimng chién luge khac nhau trong
viéc kham pha khong gian tim kiém, cén
bang giita tinh da dang va chuyén sau. Mot
s hudng tiép can phd bién st dung cac
thuat toan metaheuristic dé giai bai toan
phi tuyén 1a: Genetic Algorithm GA) [5],
Particle Swarm Optimization(PSO) [2],
Grey Wolf Optimizer(GWO) [6], Whale
Optimization Algorithm(WOA) [4]. Hién
tai, thudt toan metaheuristic cho chat
luong giai t6t nhat, nhung thoi gian thuc
hién chdm. Van dé dat ra cua ching to61
trong bai béo nay 14 mong muébn s dung
thuat toan metaheuristic gidi hé phuong
trinh cho chat lugng bai toan va thoi gian
thuc thi voi thoi gian tot nhat bang cach sir
dung phuong phap két hop giira thuat toan
GWO va thuat toan WOA.

2. Thuat toan metaheuristic

Trong nhiing nim gan day, thudt toan
metaheuristic thuong dugc sir dung dé giai
quyét nhirng bai toan tdi uu va duoc danh
gia 1a cach tiép can t6t nhat hién biét trong
linh vuc khoa hoc may tinh trong viéc gii
quyét bai toan tbi uu.

2.1. Gidi thigu vé thudt todn metaheuristic

Hau hét cac thudt toan metaheuristic
déu ldy cam hing tir thién nhién, sir dung
cac co ché va nguyén 1y tu nhién dé thiét
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ké cac hé thong tinh toan nhan tao nhim
giai quyét nhimg van dé tinh toan phuc tap
va thuong duoc dung dé toi vu hoa toan
cuc.

2.2. Cdc yéu té chung ciia thudt todn
metaheuristic bao gom:

e Khoi tao (initialization): Tao ra mot
hoic nhiéu nghiém ban dau, thuong la
ngau nhién.

e Danh gia (evaluation): Sir dung
ham danh gia dé do luong chét lugng cua
cac nghiém.

e Lua chon (selection): Chon cac
nghiém tot nhat hodc tiém nang tir tap hop
hién tai.

e Thao t&c (manipulation): Tao nghiém
mai tr cac nghiém da chon.

e Cap nhat (update): Thay thé nghiém
hién tai béng nghiém mai dya trén chét luong.

e Tang cuong (intensification): Tap
trung cai thién cac giai phap t6t da biét.

e Da dang (diversification): Kham
pha cac vung khac nhau trong khdng gian
giai phap.

e Két thiic (termination): Xac dinh
diéu kién dimg (sb lan lap, thoi gian, cai
thién chit lugng).

e Kham phéa va khai thac (exploration
and exploitation): Can bang giira tim kiém
ving mai va toi uu hoa ving da biét.

2.3. S0 dé thudt todn metaheuristic
co bdn

Thuat toan metaheuristic don gian
duoc thuc hién qua cac budc sau:

1. Khoi tao 10i giai ban dau duoc

dinh nghia cac chién lugc ting cuong
hoa.

2. Tinh d0 thich nghi cho mdi 15i giai.

3. Kiém tra diéu kién két thtic thuat toan.

4. Thyc hién cac chién luge tdng
cuong hoa.

5. Thuc hién céc chién luge da dang hoa.
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6. Cap nhat 161 giai hién tai.

7. Chon két qua néu thoa man diéu
kién dirng thi tra voi 1oi giai tot nhat.

2.4. Gidi thiéu thudt todn téi wu hoa
GWO va WOA

2.4.1. Thudt toan ti uu héa GWO

Viéc thim do sau d6 ra quyét dinh bao
vay duoc biéu dién nhu sau [9]:

D = |C.X,(6) - X(0)]
Xt+1)=X(1t)-A4.D

(3.1)
(3.2)

Vi t 1a vong lap hién thoi, con 4 va
C 1a cac vector hé sb. Ala yéu td do du
duy tri khoang cach tim kiém v6i con moi,
C la hé sb hoi tu, su tré ngai cua hudng
tiép can dén con moi trong tuy nhién, cung
cAp céc gia tri ngdu nhién tai moi thoi diém
dé ting viéc tim kiém trong cac budc lip
[11].

Hai vector hé s6 A vacC s@ duoc tinh
nhu sau:

A=2.47—-d (32 C=2.7
5:[1— ]2

cong thirc cap nhat vi tri:

t
tmax

X (t) — X(0)|
Xg(t) — X()]
Ds = |C.X5(t) — X(0)|
X; = Xq(t) — AD,
X1 = Xs5(t) — A)Ds
_X1+X2+X3
- 3

Véi D, ,Dg , Dsla khoang cach giita
ca thé tim kiém ddi voi soi alpha, soi beta,
sOi delta. X; , X, , X3 1a vi tri di chuyén cua
con s6i vé phuong hudng cua soéi alpha, soi

D = |G
(3.3)

X(1+1)

beta, soi delta; Va X (t+1) 1a vi tri méi cua
con s0i sau khi cap nhat.
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GWO Algorithm

1. Khoi tao mot qudn thé ca thé tim
kiém véi cdc vi tri X; (i=1,2,...,n)

2. Khéi tao gid tri ciia cdc tham sé @,
Avac

3. Udc tinh gid tri thich nghi ciia moi
cd thé tim kiém

4. X, = cd thé tim kiém tot nhat
Xg = cd thé tim kiém tot thit hai
X5 = cd thé tim kiém tot thir ba
Chot=0

8. while (t < t;qx)

9. for cd thé thir i : trong Xs

10. Tinh cc gid tri Ava C

11. Cap nhat vi tri cua X;

12. End for

13. Udc tinh gid tri thich nghi cdc moi
cd thé tim kiém

14. Cdap nhdt gia tri cho Xy, Xg, Xs

15. Cdp nhdt tham sé

16. t=t+1;

17. return X

2.4.2. Thudt todn t6i wu héa (WOA)

e Co ché sin moi “ludi bong bong”
cua WOA

Vi khong thé biét duoc vi tri cua con
mdi lac ban dau nén WOA gia dinh rang vi
tri ctia ca thé co két qua t6t nhat hién tai 1a
muc ti€éu hoac gﬁn t6i wu.Hanh vi nay duoc
thé hién boi nhitng diéu sau ddy phuong
trinh [10]:

No >

D=|C.X(t) - X(®)| (3.4)

Xt+1)=X*@t)—AD

Trong d6 t 1a vong lap hién thoi.

X* 1a vecto vi tri cta ca thé tim kiém
t6t nhat co dwoc hién tai, nén duoc cép
nhat trong mdi lan 1ap néu cé giai phap tot
hon. X 1a vecto vi tri ca thé tim kiém hién

tai.A va C la cac vector hé so, duoc tinh
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toan nhu sau:

A=24d.7-d (3.5)

C =27 (3.6)

e Phwong phap tan cong ludi bong
bong (giai doan khai thac)

Co ché bao vay thu hep: Hanh vi nay
dat duoc bang cach giam gia tri cia a trong
cong thure (3.5).

Vi tri cap nhat xodn dc:

X (t+1) =D".e". cos(2ml) + X*p1)(3.7)

WOA Algorithm

1. Khoi tao mot qudn thé cd thé tim
kiém véi cac vi tri X; (i=1,2,...,n) Udc tinh
gid tri thich nghi ciia moi cd thé tim kiém

2. Xpest = cd thé tim kiém tot nhdt

3. Chot=0

4. while (t < t;ax)

5. for cd thé thir i : trong Xi

6. Tinh cacgiatria, A, C, Ivap

7. If (p <0.5)

8. If(JAl <1)

9. Cdp nhat vi tri cua X; Else

10. Lura chon mét cd thé Xrand bat ki
trong quan thé

11. Cdp nhat vi tri cua X; theo phwong
trinh (3.3)

12. Else

13. Cap nhat vi tri cua X;

14. End for

15. Udc tinh gida tri thich nghi cdc moi
cd thé tim kiém

16. Cap nhat gia tri cho Xpest

17. t=t+1;

18. return Xbest

3. Pé xuiat két hop thuat toan két
hgp GWO va WOA gidi bai toan hé
phuong trinh phi tuyén

Pé xuat két hop thuat toan GWO va
WOA cung v6i cac phuong phéap chinh stra
khac dé tao ra mot thuat toan két hop
GWOWOA méi nham cai thién hiéu qua
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cia GWO va dat két qua tot hon. Thuat
toan mdi nay s& thay doi tir GWO qua céc
budc sau: dau tién, quan thé cho thuat toan
s& dugc khoéi tao bang phuong phap
Opposition-Based Learning, mot k¥ thuat
trong machine learning &p dung vao céc
thuat todn tim kiém. Trong khong gian mot
chiéu, néu diém X & xa vi tri can tim, diém
X’ d6i xtng ciia X qua trung diém s& gan
vi tri cAn tim hon. Y tuéng nay phirc tap
hon trong khong gian da chiéu [12]. Tiép
theo, stra d6i cong thic (3.3) cia GWO
thanh cong thire sau:
it Xz
2

GWOWOA Algorithm

1. Khoi tao mot quén thé ca thé tim
kiém voi cac vitri (i=1,2,...,n)

2. Ubc tinh gia tri thich nghi cua méi
cd thé tim kiém

3. X, = cd thé tim kiém tot nhat
Xp= cd thé tim kiém thir hai
Chot=0
while (t < tmax )
for c4 thé thtr i : trong X
Tinh cac gidtria, A, Cvap
. 1f(p<0.5)

10. If (JA] >1)

11. Cap nhat vi tri cia X; theo phuong
trinh (3.8)

12. Else

13. Lua chon mét cd thé Xrand badt ki

X(t+1) = (3.8)

©ON A

Bang 1. Két qua thuc nghiém voi bai toan Fy

trong quan thé

14. Cap nhat vi tri cua X; theo phuong
trinh (3.8)

15. Else

16. Cap nhat gia tri cho X,, Xz (alpha,
beta)

17. t=t+1;

18. return X,

4. Thwe nghiém va danh gia

Khi 4p dung thuat toan t6i uu hoa vao
viéc giai cac hé phuong trinh phi tuyén,
chung s& duoc chuyén thanh bai toan tdi uu
héa va giai bang cic phuong phap nhu
GWOWOA méi, GWO tiéu chuan, WOA
tiéu chuin va GA. Thuc nghiém s€ thuc
hién vé6i kich ¢& quan thé 50, qua 1000
vong lap va lay két qua sau 50 lan thuc thi
cho mdi bai toan. M6 phong dugc thuc
hién trén may tinh voi cAu hinh cu thé. Két
qud va qua trinh thuc thi s€ dugc ghi chép
va thé hién qua bang va dd thi, bao gdm két
qua tot nhat, gid tri trung binh, thoi gian
trung binh va qua trinh héi tu. Tt do, danh
gid hiéu qua cia GWOWOA so v6i cac
thudt toan khac trong giai hé¢ phuong trinh
phi tuyén. Thuit toan GWOWOA két hop
GWO va WOA sé& hoat dong t6t doi véi
cac hé phuong trinh phi tuyén. Ung dung
thuat todn GWOWOA trong bai toadn F;
cu thé:

Xt +x2-1=0
{ X1 —%x =0

. . Thuét toan
Bai toan Keét qua
MGWOWOA | GWO WOA GA
Két qua t6t nhat 1.28E-10 1.24E-09 | 3.33E-11 | 8.15E-08
F1  |Két qua trung binh 1.04E-08 1.61E-08 | 3.65E-07 | 3.98E-06
Thoi gian thyc thi 1.749s 1.999s 1.775s 2.208s
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Hinh 1. So d6 thé hién su hoi ty cia cac giai thuat trong bai toan Fy

Céc giai thuat s€¢ dugc tién hanh véi
kich ¢& quéan thé 1a 50 va qua 1000 vong
lap va két qua duoc lay sau 50 1an thyc thi
khac nhau cho tung bai toan hé phuong
trinh phi tuyén mot. Viéc md phong thuc
duogc thyc hién trén may tinh c6 bd xur 1y 1a
Intel® Core™ i5-8250U CPU @ 1.60GHz
(8 CPUs) ~1.8GHz, véi bd nhd 8GB RAM
V& thoi gian thyc thi, hi€u nang cua thuat

tinh canh tranh so v6i cac thuat toan GWO
vd WOA. Thuat toAn GWOWOA cho két
qua (v6i thoi gian 1a 1.749s) nhanh hon ca
2 thuat todn GWO va WOA. Ngoai ra, cho
gi4 tri trung binh 14 1.04 x10® t6t hon cac
thuat toan con lai.

* Ung dung thuit toan GWOWOA
trong bai toan F; cu thé

{sin( 5txy) —x,=0

toan GWOWOA trong bai todn F; mang X1—Xx2=0
Bang 2. Két qua thuc nghiém voi bai toan F;
_ , Thuat toan
Bai toan Ket qua
MGWOWOA GWO WOA GA
Két qua tot nhat 0.00E-00 0.00E-00 | 0.00E-00 | 8.89E-07
F, Két qua trung binh 1.48E-08 2.16E-06 | 6.20E-08 | 1.83E-05
Thoi gian thuc thi 2.382s 3.557s 2.837s 3.856s

F2

5ai s tuyét doi

o 200 400

&00 800 1000

S6 vong lap

Hinh 2. So dd thé hién su hi tu cu
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Céac giai thuat s& duoc tién hanh voi
kich ¢& quan thé 1a 50 va qua 1000 vong
lap va két qua duoc ldy sau 50 1an thyc thi
khac nhau cho tung bai toan hé phuong
trinh phi tuyén mot. Viéc md phong thuc
duogc thyc hién trén may tinh cé bd xur 1y 1a
Intel® Core™ i5-8250U CPU @ 1.60GHz
(8 CPUs) ~1.8GHz, v6i bd nhd 8GB RAM.
Vé thoi gian thyc thi, hi€u nang cua thuat
todn GWOWOA trong bai todn F, mang
tinh canh tranh so v6i cac thuat toan GWO
va WOA cu thé: thoi gian xtr 1y nhanh va
két qua twong dong véi 2 thuat toan GWO
vd WOA. Thuét toAn GWOWOA cho két
qua (v6i thoi gian 1a 2.382s) nhanh hon ca
3 thuat toan GWO, WOA va GA. Ngoai ra,
cho gia tri trung binh Mean (1.48E-08) tt
hon cac thuat toan con lai.

Phén tich va danh gia két qua:

Vi 2 bai toan thu nghiém trén, ta cé
thé thay rang thuat todan méi GWOWOA
dem lai két qua trién vong hon so véi cac
thuat toan con lai trong da sb bai toan. Vé
thoi gian thyc thi, hi¢u nang cua thuéat

TAI LIEU THAM KHAO

toan rat canh tranh so v&i cac thuat todn
GWO va WOA, khong bao gio trién khai
lau hon ca 2 thuat toan va do6i khi lai
nhanh hon 2 thuit todn trén, diéu nay
duoc thé hién & bai toan Fi, Fy. Qua do
thuat toan ndy c6 thé xem la rit cé tiém
nang trong vi¢c &p dung vao giai cac h¢
phuong trinh phi tuyén.

5. Két luan

Bai bao nay tong hop va danh gia cac
thuat toan t6i uu héa nhu GWO, GA, PSO,
va WOA, cing véi 1y thuyét giai cac hé
phuong trinh phi tuyén, v6i su danh gia
dic biét vé hiéu qua cua thudt toan
GWOWOA trong viéc gidi cac h¢ phuong
trinh phi tuyén. Tuy nhién, bai bio gip
phai mot s6 han ché trong qud trinh thi
nghiém va doi héi thém nghién ctru dé
khéc phuc, dac biét la su thiéu da dang
trong cac bai toadn thuc nghiém. Trong
tuong lai, hudng phat trién c6 thé tap trung
vao viéc cai tién cac phuong phap ti uu
hoa nham giai quyét hidu qua nhimg bai
toan nay.
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