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PANG THUC DANG HARDY CHUA TRONG DUNKL BANG PHUONG
PHAP FACTORIZATION

Hardy'’s type identities with Dunkl weight via Factorization methods

Nguyén Vin Phong
Truong PH Tai chinh — Marketing

TOM TAT

Str dung phuong phép Factorization cho toén tur vi phan, chiing tdi thiét 1ap mot dang thuc dang Hardy
c6 chira trong Dunkl. Chiing t6i ciing thu duoc két qua lién quan dén bat dang thiec Hardy dang c6 dién.

Tir khéa: Bt dang thirc Hardy - Trong Dunkl - Factorization

ABSTRACT

Using the factorizations of differential operators, we establish the identities of Hardy type with Dunkl
weights. Also, we obtain the result which relates to the classical Hardy's inequalities.

Keywords: Hardy inequality - Dunkl weight — Factorization

1. Gigi thigu

Bat ding thuc Hardy duoc st dung
nhiéu trong linh vyc Toéan 1y, Phuong trinh
dao ham riéng va ly thuyét quang pho va
duoc nhiéu tac gia quan tdm nghién ciu va
tng dung. Nguodi doc ¢ thé tham khao
nhiéu hon trong cac tai liéu [1, 8, 9, 14].
Bat dang thac Hardy dang cb dién duoc
phét biéu nhu sau:

Voi N>3vaueCy(R"), taco

2 2
I|Vu|2dxz[N_2j J'lulzdx.
2 x|

RN

(1.1)
Hang s& ((N —2)/2)” xuat hién trong
(1.1) 12 t6i wu theo nghia

2 N-2Y Juf’ 2 2IN 2N [2
Vu| dx— dx>z )" | Q| u“dx
fivefo=[ 2] [lebace 2o 1l |
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Piéu nay dan dén ding thac trong (1.1)
khong dat duoc trir khi ham u 12 tim thuong
(u=0). Viéc cai tién va mé rong cho bat
dang thirc Hardy c6 rat nhiéu cach tiép can
nhu thay d6i cac khdng gian ham; mé rong
trén cac mién da tap; thay thé cac toan tir va
nghién ctu trén cac khong gian ¢6 do do
khéc. Mot trong cac cach cai tién va mo
rong phd bién cho bat dang thirc Hardy la
tim cach thém vao vé phai cua (1.1) cac
thanh phan khong &m. Chang han trong [3]
Brezis da chi ra mot két qua sau, voi Q a
mién bi chan trong RY, N >3 va 0 Q,

khi d6 voi moi ueW,?(Q) ta co

(1.2)
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trong d6 @, la thé tich cta qua cau
don vi, z, ~2.4048 Ia nghiém dau tién cua
ham Bessel J,(z). Trén qua cau Q thi
hing s6 z2o?™ Q¥ 13 téi uu, tuy nhién

hang s6 nay khong dat dugc trén W, (Q).

2
f |Vu|2dx—( N - 2)
Bq 2

trong d6 By, 1a qua cau tm 0 ban kinh
R va P la mot Hl-potential, nghia la
phuong trinh vi phan sau

y'(r)+(1/r)y'(r)+P(r)y(r)=0
c6 nghiém duong trén khoang (0, R).

L Ix|

Tong quat hon, ta ¢6

IV (Ix |)|Vu|2dx > IW (Ix])udx (1.4)

Trong do (V,W) Ia cap Bessel théa

I

RN

Ta thdy rang tir dang thirc (1.6) va Véi
két qua sau

j |Vu|2 dx >

suy ra bat dang thuc Hardy. Véi h 1a
ham ban kinh, duoc xac dinh boi

2
u
f' |2dx2
X

N-2Y
il Vu‘dx ( 5 jj|x| dx+j

Ciing v6i cach tiép can theo huéng nay
Ghoussoub va Moradifam trong [7] dua ra
cac khai niém vé ham thé cai tién Hardy
(HI-potential) va cap Bessel (Bessel pairs)
tr d6 thu duoc cac két qua sau Voi

ueW,?(Bg)

(1.3)

_[P(|x|)u2dx

Br

diéu kién phuong trinh vi phan sau c6
nghiém duong trén doan (0, R) :

" n- V(r) () 15
y(r){r V()}y(m ()y(r) 0 (1.5)

Tir bat dang thae (1.4) bang cach chon
cac cap ham Bessel cu thé ta co thé thu
duoc cac cai tién cho bat ding thic Hardy
xem trong [5, 13].

Trong [10] Machihara da thiét lap
duogc dang thuc sau

2
L VUJ{N_ZJi
2 )|x|

|7+2—N

dx

(1.6)

h(x) =| x
dugc két qua lién quan dén ding thic
Hardy nhu sau, N>3 wva
0<y<N-—2.Khids véi ueW"*(R")

taco

. Céc tac gia trong [2] thu

voi

2
2 u®(x u
j Vu(x)| dx=7(N-2-7) j |X(|2) h(x)V(H(x)j dx (1.7)
RN RN RN
Bang cach chon y =(N —2)/2,taco
2 N -2 TN u(x) i
j'|Vu(x)| dx = j R dx  (1.8)
B 2 ) L IxP? x|
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Cung vai cach tiép can nay, cac tac gia trong [5] ciing dua ra két qua mé rong cho bat

dang thac Hardy, voi N>3,0<R <o

_(Nz—zjzj u

5 | X[

J'|Vu |2 dx

Br

dx =

2

yA

=2 | u?dx

R 5

2
| X [(N-2)2 Jox(121) 2 (1.9

+ J. u (N-2)72

5. Wor(IX1) )] |Ix]

trong 6 Jy(2)= JO(%’ z). Tong quat hon voi (V,W) Ia cap Bessel cac téc gia

trong [5] thu duoc két qua sau

jNv (Ix])|Vu dx = ij(| X ) uZdx + jNv (1 x1)

va

RN

trong d6 ham ¢ la nghiém dwong cua
phuong trinh (1.5) va toan t& Ru=Vu-(x|x[?)
la dao ham theo ban kinh.

Pé c6 thé mo rong thém két qua cho
bit dang thic Hardy, trong bai bao nay
ching t6i nghién ciru va thiét lap ding thic
dang Hardy c6 chta ham trong Dunkl.
Truong hop nay cé thé duoc xem 1a su cai
tién cua bat dang thic Hardy bang céch
thay doi d6 do. Cu thé s& duoc trinh bay
trong phan ké tiép.

2. Pang thirc dang Hardy chira ham
trong Dunkl

Trong phan nay chdng toi trinh bay
mot vai khai niém can ban vé ham trong
Dunkl va mot sé céc ky hiéu duoc sir dung.
Nguoi doc ¢6 thé tham khao chi tiét hon vé
ly thuyét toan tir Dunkl trong céc tai liéu
sau [4, 12, 15]. Bé thu duoc két qua chinh
ching t6i st dung phuong phap

[V (IxD)[%uf dx = Jw (Ixhudx+ v (1)

84

2

()¢
(2]

Factorization cho toan tir vi phan dé chung
minh trong trueong hop dang thac Hardy ¢6
chra ham trong Dunkl. Phuong phap nay
da duoc st dung nhiéu trong cac két qua vé
su mé rong cho bat ding thirc Hardy, nhu
trong [2, 5]. Tuy nhién sir dung phuong
phép nay véi ham trong Dunkl dugc xem
nhu mot két qua méi ma ching toi sé trinh
bay chi tiét trong bai viét nay.

2.1. Khai nigm va ky higu

Véi aeR", ta ky higu o, la phép
phan xa, dugc xac dinh baoi

O'()X2< >

||
<xa>=
=2

RcRY\{0} duoc goi 1a he géc néu
RNaR ={-a,a} va O'Q(R):R Voi

udx  (1.10)

pouldx  (1.11)

trong  do XI o, va

la = aa M(_)ttap httu han
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moi acR. Véi a,eR" sao cho h, (x) = H‘<O"X>‘k(a) (112)
<0!, 0£0> # 0, ta dinh nghia aeR,
R+:{aeR:<a,ao>>0} Voi 7/k:Zk(a).
aeR,

vda R_=-R_. Khi d6 hé goc co thé
biéu dign boi R=R, U(-R,).
Ham boi tng véi hé goc R,

2.2. Két qud chinh
Trong phan nay chang toi thiét lap
_ R bR dang thac dang Hardy chia ham trong
k:R—[0,00) la mot ham G-bat bien,  pynit dquoe dinh nghia nhu (1.12). Véi
nghia la d, =N +2y,. Taco két qua sau
k(a):k(ga), VgeG, VaeR
binh Iy 2.2.1. Véi N >2-2y,, khi
trong do6 G la nhom phan xa. Khi do L o (N ,
ham trong Dunkl hy (x) 1a ham thuin nhit 90 1Mo U< Co (B"1{0}). taco

bac 2y, dugc xac dinh boi

j'“' h, (x) dx

u
+I V(|X|<2—dk)/2J

RN
Nhu mot hé qua cia dinh Iy 2.2.1 ta 6 bat dang thirc dang Hardy véi ham trong Dunkl

j Vul h, (x)dx =

(1.13)

2

| X% h, (x)dx.

d, =2 ¢|uf
j Vul* b (x) dx > | j ~h, (x)dx (1.14)
RN RN | Xl
Pic biét trong truong hop k=0, thi Nhan xét rang bang cach xét bat dang

(1.14) tr thanh bét ding thuc Hardy dang  thuc dang Hardy chua ham trong so Dunkl,
co dién. Hon nita s6 han thir hai trong dang  ta co thé mo rong cho bat dang thirc Hardy
thirc (1.13) triét tiéu néu va chi néu ham U chtra trong so duoc nhicu tac gia quan tam

¢6 dang va nghién ctru trude d6. Hién tai c6 nhiéu
phuong phap ching minh cho bat ding
u(x) = P |(d iz Voicla hang sb. thire Hardy, nguoi doc ¢6 thé tim hiéu va

tham khao trong céc tai li¢u [1, 6, 7, 11,
14]. Trong bai viét nay ching t6i sir dung
phan [ (Ju®/1x|*)h(x)dx phan k.  phuong phip Factorization dé ching minh
. . ) o két qua (1.13), day 1a két qua moi cho
. _ (dy—2)/2 -

Khi dé ta gol u(x) _1/(| X| ) la ham truong hop dang thac dang Hardy c6 chira
t6i wu hoa 4o cho (1.14). ham trong DunkI.

Tuy nhién trong truong hop nay tich

85



SCIENTIFIC JOURNAL OF SAIGON UNIVERSITY No. 91, Vol 01/2024

Chitng minh dinh ly 2.2.1. Ta xét toan tir vi phan gié tri véc to duogc cho boi
\V4 | X |(2—dk)/2 .
hk(X)VU—«fhk(X)lxl(zwu, UECO (Rn)

Ta tim toan tir lién hop cia T nhu sau

\V/ | X |(27dk)/2
(Tu,w) =< h (X) Vu—/h, (x) WU’W>

\V4 | X |(2—dk)/2
= hk(X)Vu_*/hk(X)Wu de
BN
V X (2-dy)/2
= h (X) w-Vu - uh(x)|||(ld)/2. w |dx
RN

] \V4 | X |(2—dk)/2
I —udlv( hk(x)w)—u«/hk(x)w.wjdx
RN
(2-d, )2
_ Iu(—div( hk(x)W)—Jh“x)%-w}dx:@,wm
RN

Do @6 toan tir lién hop cia T duogc xac dinh boi

\V4 | X |(2—dk)/2

T'w= —div(\jhk (X) w) - Jh(x) W

Khi d6
x . V| x[&%)2
<T Tu,u>:<—d|v( hk(X)Tu)_‘/hk(X)&FlW'Tu’u>

\V4 | X |(2—dk)/2
| X |(2—dk)/2

) |X|(2 dy)/2
= | | YN () Tu-Vu-uyh, (x) X [FE -Tujdx

) v | [t
= hk(X)TU-(VU—UW dx

= [ ~udiv(Jh (9 Tu)-uyh () -Tujdx
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\V4 | X |(27dk)/2 \V4 | X |(2—dk)/2
= J- hk(X)LVU—UTk)/Z . VU_UW dX
! | x| | x|

|(2—dk)/2 2

2 |V X
R

\V/ | X |(27dk)/2 )
- |x|(2‘dk)’2 -V]ul® |h (x)dx

[vuf

=
z

V| x |(2—dk)/2 2

j@vw+w|

(VX (2-dy)/2
]hk(x)dx+ j|u|2 dlv[ll(l(lwhk(x)jdx
RN

. |X|(2—dk)/2
R
e V| x|E42 (|X|((zfdk)/2)—1)’ y
Sur dung két qua = .| — |, taco
|X|( k) |X|( K) | |

(2-d,)/2 (2-d,)/2y!
div{mhk(x)jzv. (o S

| X |(27dk)/2 | X |(27dk)/2 | X|

(l X |(2 dk)/2) 1

(") 1
| X |(2 dy)/2 | |

| X |(2—dk)/2 Tvl hk (x)

—h, (X)V-X+xV
Ry

x [2-92y x (29072
dedW)lm(”N+  cov] 02 )]

X] X[
(| X |(2—dk)/2) (l X |(2 dk)/2) 1 Vh
+X | X |(2—dk)/2 k( ) | X| | X |(2 dy)/2 | X| (X)
XYy 1

L N+ 2 oow | L)
FIERE T TR W

I o SR (Tl I
X ERE

2k(a)
k( )ZaeR <0( X>‘

x [(Z-d02y ¢ x [(@-dr2y’
ﬂﬂ@m3| R X oow] C4E)

| | k | X |(2_dk)/2

¥ [(Zd0rzy q
(i M P

(2-d, )12/
X1 ) L (942
| x|

_—|X|(z_dk)/2 X k 7kW
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Qx40 o f (xR
=(N +27, —I)Wmhk (X)"‘mhk (X)V W

Tinh toan tryuc tiép ta co cac két qua sau

vwxWWW}wamﬂ”x_@xFWWIx

lxl(zfdk)/z - |X|(2—dk)/2 m |X|(2—dk)/2 m

Tircac kétquatrénva d, =N +2y,, 5, =, _ k(a) taco

(V| x [@02 ¥ [2-d02y" 1
dlv(%hk(x)jz(dk—l)u h. (X)

| X | X |(2—dk)/2 m
_ ) 2
{ |XX|(|(2::: :jZ)" N ( (|| ))((||((22—C;kk))l/22)’ j h, ()
Do d6
(T"Tu,u) = j[|Vu|2+|u i %ZJW(XNXJF [luf div[%hk(x)jdx
RN RN
~ [ v [T e
RM | X |

2
(2-dy)/2y/ (2-dy)/2\" (2-dy)/2y'
2 (x| ) 1 (x| ) [ (xT)
+ﬂé|.r\1 | u | ((dk _1) | X |(2—dk)/2 | X| + | X |(2—dk)/2 - | X |(2—dk)/2 hk (X)dx

¥ @02y q x [Z-d2y”
= [[vuf hoodx+ [ Tuf (dk—l)%— +% h, (x)dx
o o | x| | x| | x|

2

u 2
j |X|2 h, (x)dx

RNl |
V(lxl
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= [vuf hk(x)dx—(d" 2
R" 2

Mait khéc ta co

2

| X 7% h, (x)dx

(T"Tu,u)=(Tu,Tu) = I|Tu|2dx= I B u}

RN RN
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Do d6 ta thu dugc dang thac (1.13).
3. Két luan
Trong bai b4o nay, bang cach sir dung

suy ra duoc bat ding thirc dang Hardy va
bang cach chon ham trong thich hop chiing
t6i ciing thu dwoc bat dang thec Hardy cb

phuong phéap Factorization cho toan tir vi  dién. Do d6 bai bao nay dugc xem nhu mot
phan, ching t6i da thiét lap duoc dang thuc  céch tiép can moi vé phuong phap nham
dang Hardy chira ham trong Dunkl, tir d6  cai tién cho bit diang thirc Hardy.
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