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THE ACTION OF THE PRIMITIVE MILNOR OPERATIONS
ON THE DICKSON INVARIANTS

Tdc dong ctiia cdc todn tit Milnor nguyén thiy trén cdc bat bién Dickson

Nguyén Sum

Truong DPai hoc Sai Gon

ABSTRACT

In this paper, we present an explicit formula for the action of the primitive Milnor operations on
generators of algebra of invariants of the general linear group GL,, = GL(n,F,) in the polynomial
algebra P, = F,[x1,x2,...,2,] with p a prime number.
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TOM TAT

Trong bai bdo nay, chiing toi trinh bay mot cong thitc tudng minh vé tac dong ciia cac toan tit
Milnor nguyén thiy trén cic phan tit sinh ctia dai sé bat bién ctia nhém tuyén tinh téng quét
GL, = GL(n,F,) cta dai sé da thitc P, = Fy[z1,22,...,2,] v6i p mot s6 nguyén t6 1é.

T khéa: Dai so da thic, toin ti doi dong diéu, cdc bat bién modular.

1. Introduction

Let p be a prime number. Denote by GL,, = GL(n,F,) the general linear group over
the prime field F, of p elements. This group acts on the polynomial P, = F,[z, 22, ..., 2]
in the usual manner. We grade P, by assigning dimz; = 1 for p = 2 and dimz; = 2
for p > 2. Dickson showed in [2] that the invariant algebra P¢%» is a polynomial algebra
generated by invariants Q,,s, 0 < s < n, which are called the Dickson invariants.

Let A(p) be the mod p Steenrod algebra and denote by St® € A(p) the Milnor
operation of type R, where R is a finite sequence of non-negative integers (see Milnor [4],
Mui [5, 6]). For R = (k), St®) is the Steenrod operation P*. For A; = (0,...,0,1) of
length i, St® is the primitive Milnor operation in A(p). This operation was denoted by
Q" in Adams and Wilkerson [1].
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The Steenrod algebra A(p) acts on P, by means of the Cartan formula together with
the relations 3(z;) = 0 and

zj, ifk=0,
P(z;) = qaf, ifk=1,
0, otherwise,
for j =1, 2,...,n (see Steenrod and Epstein [8]). Note that P* is the Steenrod square

Sq¢* for p = 2, and J3 is the Bockstein operation for p > 2. Since this action commutes
with the one of GL,, it induces an inherited action of A(p) on P&tx.

The action of the Milnor operations on the modular invariants of linear groups has
partially been studied by Smith and Switzer [7], Wilkerson [14] and the present author
[9, 10, 11, 12, 13].

The purpose of the paper is to present a new formula for the action of the primitive
Milnor operations St® on the Dickson invariants.

2. Main Result

First of all, we introduce some notations. Let (e;,...,e,) be a sequence of non-
negative integers. Following Dickson [2], we define

nel n€l e

T A - SR

ne2 ne2 €2
ol &y .- dP
€1,€2,..-y€n] =| . _
pen Cn €

11311) ‘TIZ) ot gﬂ,:: i

Detiote Lyy = [0, 1005800, 08 8 € My Ly = Lpp = [0,);c.;ti— 1] Bach
[e1,€2,...,€,]is divisible by L, and [ey, €a,. .., €,]/L, is an G L,-invariant. Then, Dickson
invariants (), s are defined by

Qns=lLins/Ly, 0 £ 5:<m.
By convention, @, s = 0 for s < 0. Note that Q,o = L2~!.
Theorem 2.1 (See Dickson [2]). PS5 =Fp[Qno, Qnits- - - Quin-1]-
The main result of the paper is the following.
Theorem 2.2. For any 0 < s <n andi > 1, we have
St%(Qn,s) = (=1)"Qno(Pr;s + R iQn,s), (2.1)
where Pn;0=0, P,;s = —[0,.. .,s/;\l, co.yn—1,i—=1]/Ly, for s >0 and

Rni=1[0,1,...,n—2,i—1]/Ly.

4



NGUYEN SUM TAP CHi KHOA HOC PAI HOC SAI GON

Note that R,; = —Pyin. The case p = 2 of (2.1) is also proved by Hung [3]. It is
used to explicitly compute the mod 2 Margolis homology of the Dickson algebra for any

i
We need the following results for the proof of the theorem.

Proposition 2.3 (See Smith-Switzer 7], Wilkerson [14]). For any 0 < s < n and 1 <
1 < n, we have
(_I)S_IQH.Oa 1=5> 07
StAl(Q'n.s) — (—l)nQn,OQn,sz 1=n,
0, otherwise.
The following proposition has been proved in [10, Prop. 1.2] for p = 2 and in [11,
Prop. 1.2] for p > 2.

Proposition 2.4. For any sequence (e, ...,e,) of non-negative integers, we have

n—1
DR R | e, NRRITREE
s=0

Below is an extension of Proposition 2.3.
Theorem 2.5. For any 0 < s <n andi = 1, we have
St%(Qns) = (-1)0,1,...,5,...,n—1,i]L272,

Proof. The theorem has been proved in [13, Thm 3.1] for p > 2. To make the paper
self-contained, we give here a proof of it for p an arbitrary prime.
Since L, = L,Q, and St*i is a derivation, we have
StA"(Ln_.s) = TulB (D) + QST (Ers)- (2.2)
From [10, Thm 1.1] for p = 2 and [11, Thm 1.1] for p > 2, we obtain
G vsns B amun],  §00,
St2%4(Lyps) = 4,1, ' ]
ai=u:

In particular, St™(Ly) = [1,1,2, .0 — 1]
If s =0, then St?i(L, ) = 0 and

StA(Ly) = [4,1,2,...,n—1]
= (=1)"[1,2;...,n— 1,4].
Combining (2.2), the above equalities and the relation Q,, o = LZ~!, we have
St2(Qno) = —St2(Ln)Qno/ L
(-1)"1,2,...,n—1,i|Qno/Ln
(-1)"[1,2,...,n— 1,4 L22
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Hence, the theorem holds.
If s > 0, then St* (L, ) = [i,1,2,...,3,...,n]. So, using Proposition 2.4, we get

n

StAi(Ln,s) = ( 77 I—H[? 1 2 o —1 t]Qn.t

C

t=

(-1)" i, 1,2,...,5,...,n — 1,0]Qno
+(—1)"—“3[\1',.1.2,...,3 ey Tt — l.s]Qns

= 12 — 1)@z = [0, L5 55058 1 — 1]Qno.

Combining (2.2), the above equalities and the relation @, o = L2, we obtain

StAi(Q‘n,s) = (StA'(Ln s) - Qn,sStAL(L"))/L"

= [l 0,1,2,.. .58 c00m — 1|Quu/ L
= (-1)"[0,1,2,. ,n— 1,4 L22
This completes the proof of the theorem. U

We now prove Theorem 2.2.
Proof of Theorem 2.2. By Theorem 2.5, we have
St2%(Qno) = (-1)"[1,2,...,n — 1,4 [272
= "([o Lyt Bl=1JL, ) TFS
< )RS €

i

Hence, the theorem is true for s = 0.

Assume that s > 0. We prove the theorem by induction on i. By Proposition 2.3, the
theorem is true for 1 < i < n. Suppose that i > n and the theorem holds for 1,2,...,7.
Using Proposition 2.4, Theorem 2.5 and the inductive hypothesis, we get

Stdi1(Q, ) = (=10, 1,0y 8y ey — 1,4 4 1] L2

n—1 s

=S =1Y0,.... 8 osm—1 i —nL 14408, Irt

1+ n

t=0
n—1 )

= Y (IS, N
t=0 ‘ "
n—1

x n+1

l 1
Z QnO nl nH-{t9+an n4l14t¥n, S)Qnt

n—1
: n+1

= (_l)nQn,O(Z( 1)n+t 1RI1,z n-+14t, -;Qnt

t=0

n—1
n A n+1
+ (Z( 1) i lRl” n+1+tht >Qn,.s)-

t=0
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Using Proposition 2.4, we have

n—1
n l n+1
Z( 1) TS l nt n+1+t¢, sQnt
t=0
n—1
- Z(_l)n+t—1(_[01.“’s_l si—1 I_n+t]/Ln) 7:t"+l
t=0
n—1 .
=< (-1)**1p,...,s—1,...,n—1, z—n—i—t]Qnt )/L,,)
t=0
— 5 P ;
= (— (s SR S —— l,z]/L‘,,v) =N

By a similar computation using Proposition 2.4, we obtain

n—1

n e x n+1
Z(_l) e lRP' 71+1—+—le1!
t=0
o : x n+1
=S (o1 2L
t=0
n—1 g P
= (( (=1)"*10,1,...,n —2,i —n+]Q%, )/L.,,)
t=0
= ([0: 50 5259~ 2] Bt)” =R
Thus, the theorem is true for i + 1. So, the proof is completed. O

Using Theorem 2.2 and Proposition 2.4, we can explicitly compute the action of St&i
on the Dickson invariants @, s for ¢ > n by explicitly computing P, ; s and R,,;. The cases
i =n+ 1, n + 2 have been computed in [13] by using Theorem 2.5.

Corollary 2.6 (See [13]). For 0 < s < n, we have

StA"“(Qn..s) = (—1)nQ71 0(—Q€1 ,s—1 ¥ Qﬁ,n—lQ"ﬂ-‘/‘)"
, o2 n24n n2
StA"+2(Q71,,s) ( l)nQn O(Qn s—=2 gz,,s—l . gz,n—l g (thr—:zl . Q%‘H—KZ)Q"‘S).

By a direct calculation using Proposition 2.4, we easily obtain the following.

Corollary 2.7. For 0 < s < n, we have

813 (Qh) = (—1)" Qo (PE s+ BhsssQria);
where
Pisss =it O s s Wi + i P~ Cig 1an:p1
Rpnis = Qﬁfn—z Qn n-2@nn-1— Qﬁ,u—‘Zijn—l +QZ.:E1+]-
Corollary 2.8. For any 0 < s <n and i > 1, we have

StA (Qn() era) = ( 1)71 710P11:1 P € I(GI(SfA’)
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Proof. Since St is a derivation, using Theorem 2.2, we get

StAi( ﬁ‘olQns) = (P i 1) ﬁ,_()2StAi (Q‘ILO)Qn,s T QﬁI)IStAa(Qn,s)

= (=1)"( = Q2 oR: Qns+ Qb (P2, + RE Q)
== (_l)n ﬁ.opp

nis"

The corollary is proved. |
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